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Sparsity is all around

Signals can often be represented through a combination of a few
atoms / features :

» Fourier decomposition for sounds

» Wavelet for images (1990's)

» Dictionary learning for images (late 2000's)

» More inverse problems

e




Simplest model: standard sparse regression

y € R™ : a signal

X = [x1,...,%xp] € R™*P;
dictionary of atoms/features

Assumption : signal well -
approximated by a sparse ) .
combination f* € RP : y ~ X* o ]
) S
Objective(s): find S
» Estimation: 3 ~ 3* 1
» Prediction: X3~ X3* Y= Xl Xp

» Support recovery: - . ,

supp(3) =~ supp(5*) yern XeRmxr BERP

P
Constraints: large p, sparse 5* y= Z/B;Xj
=1



The /; penalty

Objective: use Least-Squares with an ¢y penalty to enforce sparsity

BERP

data fitting

) 1
agmin ( Sly- X815 + Al )

——

regularization

where [|3]jo = card({j € [1,p], B; # 0}) = card(supp(5))

Combinatorial problem; “"NP-hard” Natarajan (1995)

— Exact resolution requires Least-Squares (LS) solutions for all
sub-models, i.e., compute LS for all possible supports (up to 2P)

» p =10 — possible: ~ 10? least squares

» p =30 — impossible: ~ 10'° least squares




The /; penalty: Lasso and variants

Vocabulary: the “Modern least square” Candes et al. (2008)

» Statistics: Lasso Tibshirani (1996)
» Signal processing variant: Basis Pursuit Chen et al. (1998)

. , 1
O eargmin (- gly-XsP + Mgl )
BERP < . ——
data fitting term sparsity-inducing penalty

» Solutions are sparse (sparsity level controlled by \)



A multi-task framework

Multi-task regression:

» n observations

v

q tasks (hereafter: temporal information)
» p features
» Y € R"*7 observation matrix

> X € R™"¥P forward matrix

Y =XB*+FE

where

» B* € RP*? : true source activity matrix

» F € R"™ Y : additive white Gaussian noise; no additional
assumption yet

Notation point: capital letters refer to matrices



Multi-tasks penalties Obozinski et al. (2010)

Popular convex penalties considered:

B € arg min —||Y XB|? + AQ(B ))

BeRpx4

sources

Parameter B € RPx4

Sparse support: no structure

Penalty: Lasso

p q
IBlli=>_> IBjxl

j=1k=1



Multi-tasks penalties Obozinski et al. (2010)

Popular convex penalties considered: Multi-Task Lasso (MTL)

B € argmin (— |y — XB|? + AQ(B))
BeRp*4

I

_—

—

time
Parameter B € RP*4

Sparse support: group structure

Penalty: Group-Lasso

P
1= Bl
j=1

sources

where B . the j-th line of B




M/EEG inverse problem for brain imaging

> sensors: magneto- and electro-encephalogram measurements
during a cognitive experiment

» sources: brain locations

Equivalent
Current
Dipole

EEGrecordings  Eauivalent

Current
Dipole

MEG recordings

Neural Neural
Current Current
(post synaptic) (post synaptic)
Liquid
Dewar helium
First EEG Sensors
recordings
in 1929
by H. Berger

M o/ .
Hépital LaTimone
Marseille, France




MEG elements

Device Sensors Detail of a sensor



The M/EEG inverse problem: modeling
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Gaussian model and Lasso (single task, ¢ = 1)

Sparse Gaussian model: y = X% 4 o.¢e

> y € R™: observation
» X € R"™P: design matrix

> (* € RP: signal to recover; unknown

v

|1B*[|lo = s*: sparsity level (small w.r.t. p); s* unknown
e ~N(0,021d,); o, unknown

v

Lasso reminder : ﬁA(A) € arg min
BERP

ly — XB|?
- 4+ A
on + A8l




Lasso theory : (fairly) well understood

Theorem Bickel et al. (2009), Dalalyan et al. (2017)

For Gaussian noise model with X satisfying the “Restricted

Eigenvalue” property and A = 20,4/ QlogT(p/d), then

U -3 < 2 g (2)

with probability 1 — §, where B()‘) is a Lasso solution

Rem: optimal rate in the minimax sense (up to constant/log term)

Rem: under the “Restricted Eigenvalue” property, 2. controls
strong convexity of the (quadratic part of the) objective function
obtained when extracting s* columns of X



Lasso theory : (fairly) well understood

Theorem Bickel et al. (2009), Dalalyan et al. (2017)

For Gaussian noise model with X satisfying the “Restricted

Eigenvalue” property and A = 20,4/ QlogT(p/d), then

sl 3 < 3 7 s (5)

Kie M 1)

with probability 1 — §, where BA()‘) is a Lasso solution

Rem: optimal rate in the minimax sense (up to constant/log term)

Rem: under the “Restricted Eigenvalue” property, 2. controls
strong convexity of the (quadratic part of the) objective function
obtained when extracting s* columns of X

Yet o, is unknown in practice !



Soft-Thresholding: Lasso for orthogonal design

Closed form solution for 1D-problem (p = 1) : Soft-Thresholding

ST, A

_ 2
nsTA(Y) = ar%ergin <(y25) + AIBI)

=sign(y)(ly[ — A)+

with ()4 = max(0, -)

Extension for X = Id,: component-wise soft thresholding



“Universal” \ (orthogonal design X = Id,)

Signal estimation: n = 75,p =75

*  Noisy signal

2.0 1 True signal




“Universal” \ (orthogonal design X = Id,)

Signal estimation: n = 75,p =75

*  Noisy signal

2.0 A True signal

Lasso

0 10 20 30 40 50 60 70
Dash lines : £\ = 2a*y/21°gT(p/5) (o« = 0.2 known, § = 0.05)



Joint estimation of 5 and o

How to perform A\ calibration when o, is unknown?

Intuitive idea:

> run Lasso with some )\, get 3

> estimate o with residuals: o = ||y — XJ3||/\/n
> relaunch Lasso with A\ o< o

> iterate, ...

Note: this is the original implementation proposed for the
Scaled-Lasso Sun and Zhang (2012)



Concomitant Lasso Owen (2007)

(BN, 0N) € argmin
BERP,0>0

ly — XB|I° o
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(BN, 0N) € argmin <
BERP,0>0

ly — XB|I° o

_l’_

i +M|/3||1>

» 3 acts as a penalty over the noise level
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Concomitant performance

Theorem Sun and Zhang (2012)

For Gaussian noise model with X satisfying the “Restricted

Eigenvalue” property and A = 24/ Qk’gT(p/é), then

=5 < 35 e (5)

with “high” probability, where @(A) is a Concomitant Lasso solution

4

Rem: provide same rate as Lasso, without knowing o,

Rem: “high” refers to the (complex) dependency on &



Link with the /Lasso Belloni et al. (2011)

Independently, Belloni et al. (2011) analyzed v/Lasso to get
“o free” choice of A

v

y— X80+ A8l

€ arg min

B(/\) (1 [
v/Lasso BERP \/ﬁ

» Connections with Concomitant Lasso:
(ﬁm E}\)i) is solution of the Concomitant Lasso for

5(A)
6_()\) o Hy B Xﬁ\/Lasso
VLasso \/ﬁ

Rem: non-smooth data fitting term with non-smooth regularization



The Smoothed Concomitant Lasso
Ndiaye et al. (2016)

To remove issues for small A (and o), we have introduced:

- Ny -Xx8° o
(5(>\)7g(/\))eﬁa€1£m;n T+§+AHBH1

» With prior information on the minimal noise level, one can set
o as this bound (and both estimators are the same)

» Setting o = ¢, smoothing theory asserts that §-solutions for

the smoothed problem provide e-solutions for the v/Lasso
problem Nesterov (2005)



Smoothing aparté
Nesterov (2005), Beck and Teboulle (2012)

Motivation: smooth a non-smooth function f to ease optimization

Smoothing step: for 1 > 0, a “smoothed” version of f is f,
fu=o () 0Of
g [

» inf-convolution: fOg(x) = i%f{f(u) + gz —u)}

» w is a predefined smooth function (such that Vw is Lipschitz)



Smoothing aparté
Nesterov (2005), Beck and Teboulle (2012)

Motivation: smooth a non-smooth function f to ease optimization

Smoothing step: for i > 0, a “smoothed” version of f is f,

fu=mo (=)0
» inf-convolution: f{g(x) = 12f{f(u) +g(x—u)}

» w is a predefined smooth function (such that Vw is Lipschitz)

Analogy with “kernel smoothing":

» usual convolution “x” — inf-convolution “O0"

» Fourier transform exchange “x" and “x" — Legendre
transform exchange “(0" and “+"

» Gaussian kernel — ||[|* /2

» in both cases 1 controls the scaling (bandwidth)



Huber function: w(t) =

t2
2




Huber function: w(t) = %
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Huber function (bis): w(t) =% + 3




Huber function (bis): w(t) =5 +




Huberization of the v/Lasso

“Huberization”: f(8) = W=XAl = o, u(g) = e 4 1
oo X0 | g if X8l <
12(8) =1 1=X3| ¢ Xl o
n \/ﬁ v

2
i (lu=XBIE o
o>a 2no 2

Leads to the Smoothed Concomitant Lasso formulation

A ~ . - X 2
(ﬂ(’\), U(’\)) € argmin (M + % + A ”5“1)

BERP 0> 2no




Solving the Smooth Concomitant Lasso

2
(BN, MY e argmin |y — X2
’ no

g
+2+2|8
Jargmin T 5 T AlBIL

Jointly convex formulation : can be optimized by alternating
and o optimization (the other parameter being fixed)



Solving the Smooth Concomitant Lasso

2
(BN, MY e argmin |y — X2
’ no

g
+2+2|8
argmin T 5 T AlBIL

Jointly convex formulation : can be optimized by alternating
and o optimization (the other parameter being fixed)

Alternate:

» Fix o: solve a Lasso problem to update /3

2
B € arg min 7"'@ — XA

+ Ao ||B]l; (Lasso step)
BERP 2n

» Fix 3: closed form solution to get o

ly — X8|
Jn

0 = max ( ,a) (Noise estimation step)
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Back to multi-task framework

General case: Y € R™"*4, B € RP*Y, and the noise F € R™*4
might have some structure evolving along the n samples

Smoothed Generalized Concomitant Lasso (SGCL):

2
(B,%) € argmin [V = XBlly- + T(E)
’ BeRPX4 2nq 2n

TesT, E- %

+A[IBll2,

with || Z]|% == Tr(ZT AZ), and £ := ¢ 1d,, (for simplicity)

> the formulation remains jointly convex
> the noise penalty is now on the sum of the eigenvalues of X

» adding the restriction 3 = o Id,, recovers the Smoothed
Concomitant Lasso



Solving the SGCL

Jointly convex formulation: alternate minimization still possible

Y. fixed: smooth + ¢1-type, Block Coordinate Descent (BCD) to
update B row by row, e.g., using safe screening rules Fercoq et
al. (2015), Ndiaye et al. (2015)



Solving the SGCL

Jointly convex formulation: alternate minimization still possible

B fixed: with the current residuals R =Y — XB, the problem can
be reformulated

. 1 1
Y = argmin <2 Tr[R'S'R] + — Tr(E))

Test, m-x \2ng 2n

Closed-form solution: if U T diag(si,...,s,)U is the spectral
decomposition of %RRT:

> = U diag(max(c,/51),...,max(g,/5,))U



Main drawbacks

» Statistically: O(n?) parameters to infer for 3, with only nqg
observations (works fine for ¢ large w.r.t. n)

» Computationally: 3 update cost is O(n3) (SVD
computation); too slow in general ... Note: ok for MEG/EEG
problems as n =~ 300
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Block Homoscedastic model

In the MEG/EEG case : 3 different types of signals are recorded

» electrodes measure the electric potentials
» magnetometers measure the magnetic field

» gradiometers measure the gradient of the magnetic field

= physical natures = different noise levels

Observations are divided into 3 blocks & the partition is known




Block Homoscedastic model

K groups of observations (due to K sensors modalities)
X! y! E!
x=|:|,v=|: |, EBE=|":
XK YK EX
5* = diag(o? Idp, .. . ., o Idy,.)
For each block, homoscedastic model with white noise:
Y* = X*B* 4 o} E”
and entries of E¥ are i.i.d. N(0,1)

Rem: for MEG/EEG, K = 3 corresponding to physical signals:
1. EEG
2. MEG magnetometers
3. MEG gradiometers



Smoothed Block Homoscedastic Concomitant
(SBHCL)

Reformulation with additional diagonal constraint on 3, constant

over consecutive blocks:

Block Homoscedastic Concomitant:

KV = XFBI? | ngoy
> + 5= | + A IBll2,
=1 nqoyg

arg min

BERPX4,
01,...,0K€Ri{+
020k, VhE[K]

Reduce number of parameters to estimate from "(” D to K
(hopeless otherwise without additional structure)
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Solving the SBHCL

» Block Coordinate Descent (BCD) steps remain the same, as
for the classical Multi-Task Lasso

» computing X~1(Y — XB) for the BCD is easier (inverting a
diagonal matrix)

» o}'s updates are simple and can even be performed at each
B; update (as for the concomitant)



In practice

Simulated block homoscedastic design (similar to real data):
> (n,p,q) = 300,1000, 100
» X Toeplitz-correlated: Cov(X;, X;) = pl=il, p €]0,1]

» 3 blocks with standard deviation in ratio 1, 2, 5



Support recovery: ROC curve w.r.t. \

1.0
(O]
)
© 0.8+
(O]
2 061 —=— SBHCL
3041 —— MTL
3 ' —&— MTL (Block 1)
2 0.2 —¥— SCL
= —<— SCL (Block 1)
0.0

00 01 02 03 04 05 0.6
False positive rate
SBHCL, MTL (Multi-Task Lasso) and SCL (single noise level) on

all blocks, and the MTL and SCL on the least noisy block
p = 0.1 (low correlation, easy case)



Support recovery: ROC curve w.r.t. \

1.0

9

© 0.8 1

| .

(O]

5 007 —=— SBHCL

204l —4— MTL

3 —A— MTL (Block 1)

50.2 —— SCL

= —<— SCL (Block 1)
0.0

00 01 02 03 04 05 0.6
False positive rate
SBHCL, MTL (Multi-Task Lasso) and SCL (single noise level) on

all blocks, and the MTL and SCL on the least noisy block
p = 0.9 (high correlation, hard case)



Prediction performance

)

505 —=— SBHCL (block 1) —=— SCL (block 1)
& 0.44 —— SBHCL (block2)  —4— SCL (block 2)
g —4— SBHCL (block 3)  —+— SCL (block 3)
< 0.3

A 0.2

Qo.

o

3 0.14

[@)]

© 0.0+

AlAmax

RMSE (Root Mean Square Error) normalized by oracle RMSE, per
block, for the multi-task SBHCL and SCL on testing set, for
various values of .
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Take home message

» more general noise models: possible to estimate full
covariance if there are enough tasks

» if more noise structure is known (e.g., block homoscedastic
model): not more costly than the Multi-Task Lasso (MTL)

» taking into account multiple noise levels helps: both for
prediction and support identification

» using additional (though noisier) data helps!

» future work: using non-convex penalties

Python code is available at https://github.com/mathurinm/SHCL
Massias et al. (2018): to appear in AISTATS 2018
This work was funded by ERC Starting Grant SLAB ERC-YStG-676943
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