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Introduction

Motivations
» Theoretical : oracle inequalities (high dimension, sparsity),
Adaptation in the regression model
» Applications : image processing, genetics, inverse problems
(derivative estimation, deconvolution with a known kernel,
tomography), etc.

Underlying Heuristic

» Aggregating/mixing estimators can be more stable than
selecting only one estimator




Motivations : doing as good as the best filter

Y € R™ : noisy signal

fA . estimated signal

Ty - i A) : convolution/filter /kernel
matrix indexed by some
smoothing parameter
(bandwidth) X in a family A
Fp : family of estimators




Motivations : doing as good as the best
dictionary approximation

Image denoising with patches
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Dictionary (Dictionaries ?)
Estimate an image/patch Y by h=hH= Zjﬂil Ajpj . for some
dictionary/frame/orthonormal basis {¢;,7=1,--- , M}
Fa = Span(ei,--- o) and the X = (A1, -+, Ay) are the
coefficients




Penalization Methods

Assume f\ = f, = Ej]‘il Ajp;j . for some features ¢; € R™ and

n
=Y = A2 =237(Y; - f:)? : empirical quadratic risk

=1

Penalization Methods

fPen — fs»  where \ = arg min ( 7+ Pen()) )
NeA v ——
data-fitting  regularization

e Pen()\) = B||A||3 : Ridge Tikhonov [43]
e Pen(\) = ||\l : AIC,BIC Akaike [74], Schwarz [78]
e Pen(\) = §||Al|; : LASSO Tibshirani [96]

Rem 1 : 8 smoothing parameter
Rem 2 : possible blocks/mixture versions (eg. Elastic Net)
Rem 3 : one usually uses only one estimate in the end : f;
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Mixing classical filtering and dictionary
learning

Y : noisy vector/patch of pixels intensities, f the true one.
Classical filtering : estimate f by AY, A convolution matrix.
e Sharp oracle inequality for mixing estimators of the form AY
with A projection matrix (Countable family) Leung and
Barron [06]
Dictionary learning : estimate f combining features b that are
essentially independent of Y.

e Sharp oracle inequality for mixing estimators built on an
independent sample Dalalyan and Tsybakov [07,08]

Goal : extending those results to aggregate estimates of the
form AY + b with A and b independent of Y.



NP Estimation vs. Aggregation

Available | Non Available | Target
NP Estimation Y f the best estimator
Aggregation Y, Fa f an estimator (almost)

as good as the best in
the family

Advantage : no need to evaluate the approximation term




Notation and model

Gaussian Heteroscedastic Model

Yi:fi—’_o-ie’h 7":15"')’”’ (*)
g; iid N(0,1) and ¥ =diag(c?,---,02)( known)

» Rem 1: f; = f(2;), (2;)i=1,.. n fixed design (cf. pixels)
» Rem 2 : ¥ = ¢21,, homoscedastic model

Goal : estimate f by f, with a small (quadratic) risk

) =2(h e -5)

i=1

r=e(|r-7

Rem : link with inverse problems wit known operator Cavalier [08]



Aggregation of Estimators and Oracle
Inequalities

Family of « pre-estimators » : Fp = {fA cR", A€ A}, ACRM
Goal : proving an oracle inequality for an estimator f, 4,

Oracle Inequality Nemirovski [00]

Ellfagr — fII% < Cu inf EIf\ = fII} + Rna

» An Oracle is any fy- s.t. \* € al;\gr;_linEHf,\ —fI3
[SNSN

> C, > 1. When C,, =1 : the inequality is said Sharp

> Ry "3 0 : price to pay for not knowing the Oracle,

depends on the complexity of A and on the noise intensity

Rem 1 : JACagr might not be in Fj
Rem 2 : Optimality (lower bound) for some sets A Tsybakov [03]



EWA : classical point of view

EWA /Gibbs Measure

AA(dN) o< exp(—nty/B)m(dN)

» 7 prior over A
» AEWA : posterior over A
» [ :smoothing parameter/temperature

> 7\ : unbiased risk estimate E(7) = E||f\ — f||2 =

Posterior expectation : fEWA = / ]AcAﬁ'EWA(dA)
A

Rem 1:-if 8 — 0 , /% — f\- with \* = argmin 7
AEA

-if B — oo, fEWA /A}'w(d)\)

Rem 2 : the unbiased risk estimate 7, relies on Stein's Lemma
Stein [81]



EWA : Penalty point of view

» Extension : enlarge the parameter space and adapt the penalty
» Parameter space : Py = {p : probability over A}
» Extended penalty : f7°n = [, A#Te1(d)) with

#Pen — arg min ( / PAp(dN) + / Pen()\)p(d)\))
PEPA A A



EWA : Penalty point of view

» Extension : enlarge the parameter space and adapt the penalty
» Parameter space : Py = {p : probability over A}
» Extended penalty : f7°n = [, A#Te1(d)) with

#Pen — arg min ( / PAp(dN) + / Pen()\)p(d)\))
PEPA A A

EWA /Kullback-Leibler penalty

AEWA = argmin (/ ap(dA) + élC(p, 7'['))
EWA : PEPy A "
J?EWA _ / jﬂ)\ﬁ_EWA(d)\)
A
» 7 prior over A; 3 smoothing parameter (aka « temperature »)

» K(p, ) : KL-divergence between probabilities p, m € Py,

;qp,w):{ Jroe (200) pax) iy <

400 otherwise.




Affine estimators

Affine estimators

A=A + by
> A, : n X n matrix; by : deterministic vector in R"

» Ay, by :independent of YV

> A : possibly non-countable

Constant case : Ay, = 0, ]A‘,\ = by

{¢1, -+ ,om} is a finite « dictionary »of features
» Fao={p1, - ,pum} finite family
> Fp =conv(pi, - ,@u) convex combinations
» Fp = Span(pq,---, ) linear combinations
» Fp = Spang(¢1,--- ,@n) S-sparse combinations

Lower bounds : Tsybakov [03], Bunea et al. [07] , Lounici [07]



Linear case : fy = A, Y (by = 0)

Ordinary Least Squares

{8\ : X € A} family of subspaces of R™ A : orthogonal projectors
over Sy Leung and Barron [06], Alquier and Lounici [10], Rigollet
and Tsybakov [11]




Linear case : fy = A, Y (by = 0)

Ordinary Least Squares

{8\ : A € A} family of subspaces of R™ A, : orthogonal projectors
over Sy Leung and Barron [06], Alquier and Lounici [10], Rigollet
and Tsybakov [11]

Diagonal Matrices : A, = diag(ay, ..., a,)
» Ordered projections : a; = 1(;<y) for A integer, ie.
A=A{1,...,n}
> Pinsker's Filter : a, = (1 — £

w )40 With 7, = max(z,0) and
w,a >0, e, A= (R})?




Main theorem conditions

A=A + by

Condition C;
» Matrices A : orthogonal projections (43 = A:\r =A))
» Vectors by : Axby=0

Example : A, projectors on subspaces Leung and Barron [06]



Main theorem conditions

A =AY + by

Condition C;
» Matrices A : orthogonal projections (A2 = A] = A))
» Vectors by : Axby=0

Example : A, projectors on subspaces Leung and Barron [06]

Condition C,
» Matrices Ay : symmetric, positive semi-definite
> AyAy = Ay A\, VAN € Aand A\X = X A,,VA e A
» Vectors by : Ay by =0,VA\, N € A

Example : two-blocks James-Stein shrinking estimators Leung [04]



Main Theorem

PAC (EAC) - Bayesian Bound

, JEA satisfies 7 :

Bl —712) < it ([ EIR -2 93 + £ k(o)

If C; or Cs is satisfied, then for any prior 7

where (>4 ,nllax 0% under C;
i=1,...,n

£ > 8 max O'% under Cy
i=1,...,n

with K(p, ) the KL divergence between p and =




Corollary : finite case

Oracle Inequality : A = [1, M], 7 uniform
If Cy or Cs is satisfied, and if 7 is uniform on [1, M], then

N Blog(M)
n

E(I7* - fI2) < _inf (B[ - /II2)

Te[L,M]

where 3 >4 max o? under C;

i=1,...,n
68>38 _HllaX cr? under Cy
i=1,...,n

» For by =0, it extends the result by Leung and Barron [06]

» For Ay =0 and if X = o, : the inequality is optimal
Tsybakov [03]



Minimax point of view (X = o2%1,)

0i(f) = (flor)n : Discrete Fourier coefficients
Df : Discrete Fourier Transform of f

Sobolev Ellipsoid : £(a, R) = {f € R" : Y k**0;(f)*> < R}
k=1

Pinsker's Theorem : linear estimates are minimax on ellipsoids

inf sup E(|f—f2) ~inf sup E(JJAY —f[32)
f fe€(,R) A teF(a,R)

~ inf sup E(|AawY —fl2)
w>0 reg (o, R)

the inf is taken among all the possible estimators f and
Auw =D diag (1 — k*/w)y;k =1,...,n) D : Pinsker's Filter

v

Rem : A\ = (a, w) and A = (R%)?



Corollary : Adaptation

EWA on Pinsker filters : s = faw = D' T 40D Y (D DCT),
with Ag = diag((1 - £)  k=1,---,n)
Choose the prior 7 over A = (Ri)2 :

> Draw a according to an exponential distribution with
parameter 1

» Knowing «, draw w according to the density
m —a/(2a+1) . 9
w— 5 with n, = n/o
(1+n—a/(2a+1) )

Performance
» Theoretical : adaptive in the exact minimax sense on Sobolev
ellipsoids
» Practical : performance as good as other classical adaptive
methods such as SURE/ Soft Thresholding Donoho and
Johnstone [95] , Block James-Stein Cai [99] , empirical risk
minimization Cavalier et al. [02]




1D signal experiments

Signal Length: n-1024
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3
2
1
0
1
0 02 04 0.6 0.8

Noisy function : 6-0.33 and PSNR-17.44
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Denoised by BIS (PSNR=22.91) URE (PSNR=24.75), ST (PSNR=20.38)




Conclusion

Contributions
» Sharp oracle inequalities for affine estimators
» Adaptive results with respect to the signal smoothness

» Good experimental performance



http://people.math.jussieu.fr/%7Esalmon/

Conclusion

Contributions
» Sharp oracle inequalities for affine estimators
» Adaptive results with respect to the signal smoothness

» Good experimental performance

On going work

» Weakening the assumptions for instance using a Symmetrized
version of the EWA

» Extension to other type of noise

Long version of the paper and software available online :

’http ://people.math.jussieu.fr/ ~ salmon/‘
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Affine estimators and risk estimation

Stein Unbiased Risk Estimate (Gaussian Noise) Stein [81]

SURE : Ifff is almost everywhere differentiable in Y and 8yif;- is
integrable, then

) 5 2 N s 1 &
P=NY = Flln+ Y Ovidiod = o
i=1 i=1

is an unbaised risk estimate E(7) = r

SURE, Affine case : fy = A, Y + by

N . 2 1
=Y —Al*+ - Tr(LAy) — - Tr (%)

is an unbiased risk estimate E(||f — fx||2) = rx where
¥ = diag(o?,--- ,02)

ren
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