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Trimmed mean

1 n—m

n—2m4z 1@

i=m+1

Trimmed mean (at level @) :  Zp o =

where m = |(n — 1)a] and ;) denotes the order statistics order
statistics (1) <z <...< T(p)

Rem:|u] is the integer part of u
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L-estimates

L-estimators are or the form .
To(xy,...,zpn) = Z aih(z )
i=1

where the a; are some coefficients ant the z(;) denote the order
statistics order statistics Ty STR) < - S Ty

Often the weights are generated by choosing the

a; = /ii1 Az)dz

where A : [0, 1] — Ry satisfies fol Mz)dz =1
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Examples

Zaih(x(i)), with a; = /i Az)dz
i=1 =

» the a-Trimmed mean is recovered by choosing h = Id and
A= 1—12a]l[aylfa]
> the median is recovered by choosing h = Id and A = 5%

5/26



Statistics / empirical c.d.f.

n
Let F,(x) = %Z [z:,400[(Z) the c.d.f. associated with the
=l
measure - Z‘Sm where 0, are Dirac measures.
i=1
Then, one can write any statistic as Ty, (x1,...,2,) = T(F},)

Rem: one refers to the property lim,, o, T'(F},) = T'(F'), for i.i.d.

observations x1, ..., x, with distribution F', as Fisher consistency.

6

26



Examples

» For the mean T'(F) = /xdF(x)
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Examples

» For the mean T'(F) = /xdF(x)
» For the median T'(F) = F—l(%)

26



Examples

» For the mean T'(F) = /xdF(x)

» For the median T'(F) = F—l(%)
» For a-quantile T(F) = F~1(a)
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Examples

For the mean T'(F') = /l‘dF )

(
For the median T'(F) = F~1(3)
For a-quantile T'(F) = F~1(«)

For an L-estimate with Zal (z(;)) with a; =

T(F):/h( ds—/h
where F~1(s) = inf {:r F(x) > s}
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Example continued

For the a—triTmed mean ) .
T(F) = 15 BrlX o1 o (F(X)) |

—2a T 1-2a
Note that it can also be also be expressed as a (location)
0 for z < F~1(a)
M-estimate with 1(z) = { %= for F (o) <2 < F71(1—a)

0 for z > F7Y(1 - a)
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Example continued

For the a-trimmed mean

1-a
T(F) = 15 BrlX by g (FOO) = 15 [ F
Note that it can also be also be expressed as a (location)
0 for z < F~1(a)
M-estimate with 1(z) = { %= for F (o) <2 < F71(1—a)
0 for z > F7Y(1 - a)

Rem: not to be confused with the Windsor mean that uses

—a  forx < F~Y(a)
Y(z) =<z for F~Y(a) <z < FY(1—a)
o' forz > F71(1 - a)

The later is associated to the statistic:

W(F)=(1-2)T(F)+aF (o) +aF (1 - )
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Influence function (directional derivative)

For a distribution F' and a statistic T', the influence function of T
at F'is given for any x by

T[(1 - €)F + €6,] — T(F)

IF(z; F,T) = lim

e—0 €
o TIF + €8, = F)) = T(F)
e—0 €

Rem: if sup, |[IF(z, F,T)| = +o0, the influence of a single outlier
might cause trouble; aim at sup, [IF(x, F,T)| < 400

Rem: the influence function is the directional derivative of
F — T(F') taken in the direction of the Dirac function d, — F, i.e.,

[F(w; F.T) = Vs, ¢T(F)
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Examples of influence functions

» For the mean T'(F) = [tdF(t) so [F(x,F,T) =z, as

1—¢€) [tdF(t) +ex — [ tdF(t
IF(:U,F,T)zlim( )/ " / ():J;—T(F)

e—0 €
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General M-estimates

n
An M-estimate is a solution of #,, = arg mian(:vi, 0), or
0O i=1

equivalently for ¢ = % : Z’QZJ(ZEZ', én) =0
i=1
Hence, 0,, = T(F,), where T'(F) is defined for any distribution F
by [ (z, T(F))dF(z) = 0
> Location M-estimates:
p(z,0) = p(x — @) orequivalently (z,0) =(x—0)

» Scale M-estimates:
p(x,0) = p(x/0) or equivalently (x,0) =(z/6)
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M-estimates and influence curvel

For a regular M-estimate 71" and distribution F’, the influence curve
is given for any xg by:

—(z0, T(F))
/ ?g(x,T(F))dF(x)

IF(zg,F,T) =

Rem: the regularity assumptions are left implicit here, and are only
needed for interchanging integrals and limits

1IF. R Hampel et al. Robust statistics: The Approach Based on Influence Functions. \Wiley series in probability
and statistics. Wiley, 1986.
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Proof
Fix zo and € > 0 and define F, = (1 — €)F + €0y,
Remind that [¢(x,T'(Fe))dFe(x) = [¢(z, T(F))dF(x) =0, so

0= ([ v T(E)F@) - [ i T(F)iFE))
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Proof

Fix zo and € > 0 and define F, = (1 — €)F + €0y,
Remind that [¢(x,T'(Fe))dFe(x) = [¢(z, T(F))dF(x) =0, so

0= ([ v T(E)F@) - [ i T(F)iFE))

0@ T - OF + e )dF ()

+ 00, T((1 = OF + ) — ¢ [0, T(F)dF(a)
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Proof

Fix zo and € > 0 and define F, = (1 — €)F + €0y,
Remind that [¢(x,T'(Fe))dFe(x) = [¢(z, T(F))dF(x) =0, so

0= ([ v T(E)F@) - [ i T(F)iFE))
1—e€

+ 00, T((1 = OF + ) — ¢ [0, T(F)dF(a)

Hence, when ¢ — 0, providing 1" and 1) are continuous

/w(:v, T((1 = )F + e8,,))dF (2)
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Proof

Fix zo and € > 0 and define F, = (1 — €)F + €0y,
Remind that [¢(x,T'(Fe))dFe(x) = [¢(z, T(F))dF(x) =0, so

0= ([ v T(E)F@) - [ i T(F)iFE))
:1 —€ (

((1 = €)F + €dy,))dF (x)

1
(a0, T((1 = OF + eby) — - /¢(m,T(F))dF(x)
Hence, when ¢ — 0, providing 1" and 1) are continuous

/1/1 2, T(F + €(bzy — F)) — (2, T(F))

€

— Y(xo, T(F)) =lim

e—0

dF(z)
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Proof

Fix zo and € > 0 and define F, = (1 — €)F + €0y,
Remind that [¢(x,T'(Fe))dFe(x) = [¢(z, T(F))dF(x) =0, so

0= ([ v T(E)F@) - [ i T(F)iFE))
:1—6 (

((1 = €)F + €dy,))dF (x)

+ (o, T((1 = O F + edg) — 1/¢(m,T(F))dF(m)
Hence, when ¢ — 0, providing 1" and 1) are continuous
/1/1 2, T(F + (0, — F)) — ¢p(z, T(F))
€

o B T(F + By = F) = (o, T(F))

e—0 €

— Y(xo, T(F)) =lim

e—0

dF(z)

dF(z)
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Proof

Fix zo and € > 0 and define F, = (1 — €)F + €0y,
Remind that [¢(x,T'(Fe))dFe(x) = [¢(z, T(F))dF(x) =0, so

0= ([ v T(E)F@) - [ i T(F)iFE))
:1 —€ (

((1 = €)F + €dy,))dF (x)

+ 00, T((1 = OF + ) — ¢ [0, T(F)dF(a)

Hence, when ¢ — 0, providing 1" and 1) are continuous

— (w0, T(F) _1%/ Y(x, T(F + €(dg, EF)) — ¢(:U,T(F))dF($)
lﬂ% Y(x, T(F + €(dg, —6 F)) —¢(x, T(F))dF(x)
_ [9Y _ T(F+e(8y — F) — T(F)
= [ %0 a(p)ap() i :

IF(z0,F,T) .
3 0



Connections with M-estimation results?
It can be proved? the following result:
Vifin — j1) =a N(0,V?),where  V? = /IF(:E, F,T)%dF(z)

—tp(0, T'(F))
J % (2. T(F))dP(z)

reminding [F(xzo, F,T) =

2D. D. Boos and R. J. Serfling. “A Note on Differentials and the CLT and LIL for Statistical Functions, with
Application to M-Estimates”. In: Ann. Statist. 8.3 (May 1980), pp. 618-624.

3F. R. Hampel et al. Robust statistics: The Approach Based on Influence Functions. Wiley series in probability
and statistics. Wiley, 1986.
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Connections with M-estimation results?
It can be proved? the following result:
Vifin — j1) =a N(0,V?),where  V? = /IF(:E, F,T)%dF(z)

—tp(0, T'(F))
J % (2. T(F))dP(z)

reminding [F(xzo, F,T) =

» Location M-estimates: ¢(z,0) = ¢ (x — 0) and we recover
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(S (2)dF ()
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Connections with M-estimation results?
It can be proved? the following result:
Vifin — j1) =a N(0,V?),where  V? = /IF(:L', F,T)%dF(z)

—(z0, T(F))

reminding [F(xzo, F,T) =
’ J % (2. T(F))dP(z)

» Location M-estimates: 12ﬁ(m, 0) = ¢ (x — 0) and we recover
s JU@AFE) o
VS war e T =

&

» Scale M-estimates: 9 (z, ; 0) = ¢(x/0) and we get
s JUA@dFE)
V= Tevwar@ye T =1

x

)?
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Other optimality point of view for robustness

» Result showing the 1 function one should use for
location/scale models by minimizing the asymptotic variance
under the constraint that the influence function is bounded p.
117, Hampel et al. (1986) (answer relies on “Huberization” of
the score function)

» Connections between the optimal choice and for
location/scale models and concomitant estimation is provided
p. 172, Huber (1981)
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Median and influence curve

Assume F' has a p.d.f. f, then for the median T'(F) = F~1(3)

IF(x, F,T) = Wsign {x —F_l(%)]

D=

Rem: for centered distributions one has F~!(3) = 0 and

IF(xo, F,T) = 2f1(0) sign [x]

Rem: similar computation can be performed for any quantile
F~(s)
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Proof

For any e > 0, F, = (1 — €)F + €§, and F. o F_1(3) = 4, so:

D[

7E0Eﬂ()—FoF4@)

€

1
2

0
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Proof
For any e > 0, F, = (1 — €)F + €§, and F. o F_1(3) = 4, so:
 FooF'(3)—FoF(3)
€

0 {Fe oFe_l(%) — FOFE_I(%)} + [FOF—I(%) _ FoF‘l(%)}

0

€
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Proof
For any e > 0, F, = (1 — €)F + €§, and F. o F_1(3) = 4, so:

7E0Eﬂ()—FoF4@)

€

FooF Y () = FoF-\(3)| + [FoF-Y(3) — FoFi(})]

1
0 2

0l
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Proof
For any e > 0, F, = (1 — €)F + €§, and F. o F_1(3) = 4, so:

FooF 7 '(}) - FoF~1(3)

€

FooF Y () = FoF-\(3)| + [FoF-Y(3) — FoFi(})]

1
0 2

0l

For the second:

FoF Y (3)—-FoF1(})

lim : — fo(F ML) -IF (xF F‘l(%))

e—0 €
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Proof
For any e > 0, F, = (1 — €)F + €§, and F. o F_1(3) = 4, so:

FooF 7 '(}) - FoF~1(3)

€

FooF Y () = FoF-\(3)| + [FoF-Y(3) — FoFi(})]

1
0 2

0l

For the second:

FoF Y (3)—-FoF1(})

lim 2 = fo(F7'(}) - 1F (2, F,F7\(}))
Hence, 1
IF(z,F,T) = 27 F1(3 sign [x - F‘l(%)]
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L-estimates and influence curve®*

For an L-estimate with Zaih(x(i)) with a; = /d Az)dz,

=1 n
T(F) = / h(F~(s))A(s)ds = / h(x)\(F(2))dF (2),
where F~1(s) = inf {z : F(z) > s}

Assume that F' has a p.d.f. f, then

L sh/(F~1(s L pl(F~ (s
IF(o, 1) = | MA(S)CIS—L(@MA(S)@

Proof: see p.56 Huber (1981)

4F. R. Hampel et al. Robust statistics: The Approach Based on Influence Functions. Wiley series in probability
and statistics. Wiley, 1986.
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Influence function for the trimmed mean

-«
Remind that T'(F) = - / F~Y(s)ds for a € [0, 1].

1-2a
w for v < F71(a)
[F(x,F,T) = { "7t for F~Y(a) <2 < F~1(1 — a)
%Q)CY_W(F) for x > F7Y(1 - «)

where W(F) = (1 —2a)T(F) + oF (o) + «F71(1 - )

Rem: when F'is symmetric this simplifies to

1?1:12(2) for v < F71(a)
IF(z,F,T) =X 1254 for F~Y(a) <z < F7Y(1—a)

Fl-a) forz > F~1(1 - a)
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Sensitivity curves:
the population version counterpart of
influence curves

For a function T' defining a statistics T),(z1,...,z,) = T(F},) the
sensitivity curve of is given for any x by

T(2=1F, 1+ 16,) — T(F,_

n

=n[Ty(x1,...,2n-1,2) — [Th—1(x1,. .., Tpn-1)]

Interpretation: effect of adding one datapoint on a given statistic:

1
Tn(xlv vy Tp—1, xn) = Tn—l(xlv cee 71'71—1) + ESCn(xna Tn)

Rem: if SCy,(2z;T),) is unbounded w.r.t. z, then the breakdown

point of T}, is =5
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Examples

SCp(z;Ty) =n[Th(z1, ..., 2p—1,2) — [Tn-1(z1, .., Tn—1)]

» Mean case: SC,(z;T) = n["T_lynq +2-X,q]=2-X,

z
n
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