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Reminding the model

y=X0"+eeR"

11 --- Tlp
X =[x1,...,%p] = oo eR™P 6" ¢ RP

Tnl -+ Tnp
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Motivation

Estimators 6 with many zero coefficients are useful:
» for interpretation

» for computational efficiency if p is huge

Underlying idea: variable selection

Rem: also useful if 8* has few non-zero coefficients
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Variable selection overview

» Screening: remove the x;'s whose correlation with y is weak
e pros: fast (+-++), i.e.,one pass over data, intuitive (+++)
e cons: neglect variables interactions x;, weak theory (- - -)

» Greedy methods aka stagewise / stepwise
e pros: fast (+4), intuitive (++)
e cons: propagates wrong selection forward; weak theory (-)

» Sparsity enforcing penalized methods (e.g.,Lasso)
e pros: better theory for convex cases (++)
e cons: can be still slow (-)
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The /; pseudo-norm

Definition
The support of 8 € RP is the set of indexes of non-zero
coordinates:
supp(6) = {j € [1,p],0; # 0}
The ¢y pseudo-norm of a @ € RP is the number of non-zero

coordinates:
HOHO = C&I‘d{j € Hlvp]]7'9j #* 0}

Rem: | - [0 is not a norm, Vt € R* |[t0]o = |0]o

Rem: | - [jo it is not even convex, 81 = (1,0,1,...,0)
0 = (0,1,1,...,0) and 3 = | 21402 > [Prlotl62lo _ o
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The /; penalty

First try to get a sparsity enforcing penalty: use ¢y as a penalty (or
regularization)

“ . 1
6, = argmin < 5”3’—)(0“% +  A|8]o )
OeRP

data fitting regularization

Combinatorial problem!!!

Exact solution: require considering all sub-models, i.e.,computing
OLS for all possible support; meaning one might need 2P least
squares computation!

Example :
p = 10 possible: ~ 103 least squares
p = 30 impossible: ~ 1010 least squares

Rem: problem “NP-hard”, can be solved for small problems by
mixed integer programming.
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Le Lasso: penalty point of view

Lasso: Least Absolute Shrinkage and Selection Operator Tibshirani
(1996)

AL 1
0 —argmin ( 5ly- X6l + Aol )

OeRP
data fitting regularization
P
ou [|0]; = Z |6;] sum of absolute values of the coefficients)
J=1

» We recover the limiting cases:
. ~Lasso ~OLS
lim @, =0
A—0
. ~ Lasso
lim 8, =0eRP
A—+00
Beware: the Lasso estimator is not always unique for a fixed A
(consider cases with two equals columns in X)
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Optimization in R?

OLS Ridge Lasso
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Constraint point of view

The following problem:

AL 1
0 —arguin ( ly-X0lf + Nl )
OeRP

data fitting regularization

shares the same solutions as the constrained formulation:
arg min |y — XOH%
OeRP
st. |01 <T
for some T > 0.

Rem: unfortunately the link T" < X is not explicit

» If T'— 0 one recovers the null vector: 0 € RP

~OLS .
» If T'— o0 one recovers & (unconstrained)
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Zeroing coefficients

Optimization under ¢ constraint : non sparse solution
13 /47



Zeroing coefficients

Optimization under ¢ constraint : sparse solution
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Sub-gradients / sub-differential

Definitions

For a convex function f : R” — R, u € R" is a sub-gradient of f
at x*, if for any x € R",

f(@) = f(@%) + (u,z — a®)

The sub-differential is the set
Of(@*) ={ueR":VxeR", f(z) = f(z*) + {u,x — x*)}.

Rem: if the sub-gradient is unique, one recovers the standard
gradient
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Fermat’s Rule

Theorem

A point z* is a minimum of a convex function f : R” — R if and
only if 0 € 0f (x*)

Proof: use the sub-gradient definition:

» 0 is a sub-gradient of f at ™ if and only if
Vo e R, fz) > f(a*) + 0,2 — )
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Fermat’s Rule

Theorem

A point z* is a minimum of a convex function f : R” — R if and
only if 0 € 0f (x*)

Proof: use the sub-gradient definition:

» 0 is a sub-gradient of f at ™ if and only if
Vo e R, fz) > f(a*) + 0,2 — )

Rem:Visually, it corresponds to a horizontal tangent

Y f
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Absolute value sub-differential

Function (abs): Sub-differential (sign)
I R —R {-1} ifz*e]—00,0[
Nz e |z of(x*) = < {1} if z* €]0, 00]

[-1,1] ifz* =0

y ! y
1

ar()
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Function (abs): Sub-differential (sign)
I R —R {-1} ifz*e]—00,0[
Nz e |z of(x*) = < {1} if z* €]0, 00]

[-1,1] ifz* =0

y ! y
!l —

16 /47



Fermat’s rule for the Lasso

AL 1
0 —arguin ( Jly-X6l + el )
OcRP

data fitting regularization

Necessary and sufficient optimality (Fermat):

~Lasso ~ Lasso ~ Lasso
' — X6 sign(0,"°);1 if (8,"); 20,
wielpl ] (LR | e e
A [-1,1] it (6,"); =0
Rem: If A > A\pax := max ’<Xj7y>’, then 9§asso _ 0
Je[1.p]
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Orthogonal case: soft thresholding

Orthogonal design case: X' X = Id, (X is an isometry)
ly — X0H2 HXT XTX0H2 HXTY 9“2

Lasso objective reformulation:
P

1 1
3y = X012 ol = 3 (56y - 02+ Ay )
j=1

Separable problem: problem that can be reduced to minimizing
coordinate by coordinate (independently)

3(z—2)% + Az forz—x y

One needs to minimize: x —
Rem: this function is called the proximal operator at z of the
function z — \|x|

cf.Parikh and Boyd (2013), for more details on proximal methods
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1D Regularization: Ridge

1 A

Solve: nm\(z) = argminz — —(z — z)* + S22
zeR 2 5 2
&) =13

—  TRidge,\
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{5 shrinkage : Ridge
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1D Regularization: Lasso

1
Solve: ny(2) = argminz — —(z — z)? + |z
zeR 2

na(z) = sign(2)(|z] — A)+ (Exercise)

£y shrinkage: soft thresholding
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1D Regularization: 7

1
Solve: my(2) = argminz — —(z — 2)? + A0
zeR 2

m(z) = Zﬂw;m

— THT

£y shrinkage: hard thresholding
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1D Regularization: enet
1 2
Solve: ny(2) = argminz — —(z — z)* + A(y|z| + (1 — ’y)x—)
zeR 2 2
na(z) = Exercise

—  TJEnet,\,y

12922
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Soft thresholding: closed form solution

z+ XA if z < =X
nLasso,/\(z) =40 if |Z| <A
z—XA if z > A

Exo: Use sub-gradients to prove the previous result
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Numerical example on simulated data

v

0" =(1,1,1,1,1,0,...,0) € RP (5 non-zero coefficients)
» X € R™*P has columns drawn according to a Gaussian
distribution

» y = X0 + e e R" with e ~ N(0,0%1d,)
» We use a grid of 50 A values
For this example : n = 60,p = 40,0 =1
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Coefficient value

Lasso vs Ridge

30 Ridge path: p = 40,n = 60

2.5

2.0

107° 104 1073 1072 107! 10° 10 10% 10% 10*
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Coefficient value
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Coefficient value
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Coefficient value

il

3.0

2.5

2.0

Lasso vs Ridge

Lasso path: p = 40,n = 60

CV =5

1.0

0.5

0.0 ?
—0.5
—-1.0
1072 107! 100 10!
A

22 /47



Lasso properties

» Numerical aspect: the Lasso is a convex problem

. . . ~L .
» Variable selection / sparse solutions: 0/\aSSO has potentially
many zeroed coefficients. The A parameter controls the
sparsity level: if A is large, solutions are very sparse.

Example : We got 17 non-zero coefficients for LassoCV in the
previous simulated example

Rem: RidgeCV has no zero coefficients
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Lasso analysis

Theory : more involved for the Lasso than for least squares / Ridge
Recent reference : Biihimann and van de Geer (2011)

In a nutshell: add bias to the standard least squares to perform
variance reduction
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Elastic-net : /, /(> regularization

The Elastic-Net, introduced by Zou and Hastie (2005) is the
(unique) solution of

A

. 1 0 2
0, = argmin [y — X602+ 2 <701 (- V)||2>]
ocrr | 2 2

Motivation: help selecting all relevant but correlated variable (not
only one as for the Lasso)

Rem: two parameters needed, one for global regularization, one
trading-off Ridge vs. Lasso

Rem: the solution is unique and the size of the Elastic-Net support
is smaller than min(n, p)

26
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Coefficient value

Elastic-Net: ~[0]; + (1 —~)|6]3/2

2.0

Enet path: p = 40,1 = 60

1072 107" 10 10!

v =1.00
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Coefficient value
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Coefficient value
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Coefficient value

Elastic-Net: ~[0]; + (1 —~)|6]3/2
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Coefficient value

Elastic-Net: ~[0]; + (1 —~)|6]3/2

2.0

Enet path: p = 40,n = 60
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Coefficient value

Elastic-Net: ~[0]; + (1 —~)|6]3/2
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Coefficient value

Elastic-Net: ~[0]; + (1 —~)|6]3/2
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Coefficient value

Elastic-Net: ~[0]; + (1 —~)|6]3/2
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Coefficient value

Elastic-Net: ~[0]; + (1 —~)|6]3/2

Enet path: p = 40,n = 60
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Coefficient value

Elastic-Net: ~[0]; + (1 —~)|6]3/2
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The Lasso bias

The Lasso is biased: it shrinks large coefficients towards 0

Signal estimation: p = 40,n = 60
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The Lasso bias

The Lasso is biased: it shrinks large coefficients towards 0

Signal estimation: p = 40,n = 60

14
= True signal
1.2 === Lasso
““““ LSLasso
0.2
0.0 —
0 5 10 15 20 25 30 35 40

Illustration over the previous example
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The Lasso bias: a simple remedy

How to rescale shrunk coefficients?

LSLasso (Least Square Lasso)

~ Lasso
1. Lasso : compute 6
. ~Lasso
2. Perform least squares over selected variables: supp(6y )
~LSLasso . 1
0,7 = argmin -y - X0}
OeRP 2

~Lasso
)

supp(0)=supp (6

Rem: perform CV for the double step procedure; choosing A by
LassoCV and then performing OLS keeps too many variables

Rem: LSLasso is not coded in standard packages

29 /47



Coefficient value

De-biasing

30 LSLasso path: p = 40,n = 60
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Coefficient value

De-biasing

30 LSLasso path: p = 40,n = 60
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Prediction Error

Prediction: Lasso vs. LSLasso

Prediction Error: p = 40,n = 60

10%
10!
10°
10! CV-Lasso |
:
'
'
! ! CV-LSLasso
2 : :
10 : :
1072 107! 10° 10!
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LSLasso evaluation

Pros
» the “true” large coefficients are less shrunk

» CV recovers less “parasite” variables (improve interpretability)
e.g.,in the previous example the LSLassoCV recovers exactly
the 5 “true” non zero variables, up to a single false positive

LSLasso: especially useful for estimation

Cons
» the difference in term of prediction is not always striking

» requires (slightly) more computation: needs to compute as
many OLS as \'s
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Non-convex penalties

Use a (smooth) penalty approximating better | - | o, choosing a
non-convext — pen, . (t)

. 1 P

pen .

0% —argmin (- gly = X613+ Y peny, (65 )
j=1

" J

~
data fitting regularization

Rem: algorithmic difficulties (local minima), less theory
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Use a (smooth) penalty approximating better | - | o, choosing a
non-convext — pen, . (t)

. 1 P

pen .

0% —argmin (- gly = X613+ Y peny, (65 )
j=1

" J

~
data fitting regularization

Rem: algorithmic difficulties (local minima), less theory

» MCP (minimax concave penalty) Zhang (2010) for A > 0 and
v>1
At — 2, i [t] <A
pen/\,’y(t) = 1 2 ot .
3%, if [t] > ~yA
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Non-convex penalties

Use a (smooth) penalty approximating better | - | o, choosing a
non-convext — pen, . (t)

. 1 P

pen .

0% —argmin (- gly = X613+ Y peny, (65 )
OeRP j=1

~
data fitting regularization

Rem: algorithmic difficulties (local minima), less theory

» SCAD (Smoothly Clipped Absolute Deviation) Fan and Li
(2001) for A> 0 and v > 2

Alt], if [t < A
peny () = § PHEERD2 e\ g < 4
202 " .
S, if [t > YA
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Standard non-convex penalties
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Standard non-convex penalties

sqrt
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Standard non-convex penalties
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Standard non-convex penalties
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Adaptive-Lasso

Several names for the same idea:
» Adaptive-Lasso Zou (2006)
» re-weighted ¢ Candes et a/.(2008)

» DC-programming approach (for Difference of Convex
Programming) Gasso et al.(2008)
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Adaptive-Lasso

Several names for the same idea:
» Adaptive-Lasso Zou (2006)
» re-weighted ¢; Candes et a/.(2008)

» DC-programming approach (for Difference of Convex
Programming) Gasso et al.(2008)

Underlying idea: Majorization-Minorization (MM) method in
optimization:

» find an upper bound of the target function to optimize

» optimize this proxy

» repeat
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Adaptive-Lasso

Example : take penA7,Y(t) = A[t|? with ¢ = 1/2

Algorithm: Adaptive Lasso (¢ = 1/2 case)

Input : X,y, maximum number of iterations K, A
(regularization)
Initialization: & « (1,...,1)T
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(regularization)

Initialization: & « (1,...,1)T

fork=1,..., K do
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Wy — ﬁ vje[1,p]
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Example : take penA7,Y(t) = A[t|? with ¢ = 1/2

Algorithm: Adaptive Lasso (¢ = 1/2 case)

Input : X,y, maximum number of iterations K, A
(regularization)
Initialization: & « (1,...,1)T
fork=1,..., K do
2 P
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101

Rem: in practice few iterations needed (about 5/10)
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Adaptive-Lasso

Example : take penA7,Y(t) = A[t|? with ¢ = 1/2

Algorithm: Adaptive Lasso (¢ = 1/2 case)

Input : X,y, maximum number of iterations K, A
(regularization)
Initialization: & « (1,...,1)T
fork=1,..., K do
2 P
6 — argmin <|y—X0||2 + A Z if)j|9j|>
0 2 o

101

Rem: in practice few iterations needed (about 5/10)

Rem: use a Lasso solver to update 0, by rescaling the design matrix
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Support structure

Suppose a known group structure on the variables (prior the

experiment) : [1,p] = Ug
9€g

Active coordinates (in orange):

Sparse support: any

Possible penalties: Lasso

p
16 = 7165
j=1
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Support structure

Suppose a known group structure on the variables (prior the

experiment) : [1,p] = Ug
9€9

Active coordinates (in orange):

Sparse support: group

Possible penalties: Group-Lasso

= > 16512

geG
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Support structure

Suppose a known group structure on the variables (prior the

experiment) : [1,p] = Ug
9€G

Active coordinates (in orange):

Sparse support: group + sub-groups
Possible penalties: Sparse-Group-Lasso

affli + (1 - a)

D051+ (1 =) Y 102
geG
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Group-Lasso

£1 penalty : ensures few active coefficients, but other structures
could be enforced similarly

One can aim at:

» group/block wise sparsity: Group-Lasso Yuan and Lin (2006)
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Lasso stability

The Lasso can be instable: when non-unique solutions (e.g.,when
p > n) depending on the numerical solver and the required
precision, there might be errors in the variable selection process.

Re-sampling techniques : designed to limit such drawbacks

» Bolasso Bach (2008)
» Stability Selection Meinshausen and Buhlmann (2010)
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Bolasso Bach (2008)

Algorithm: Bootstrap Lasso
Input : Xy, replications number B, X regularization

Exo: code the Bolasso in Python using sklearn
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Algorithm: Bootstrap Lasso

Input : Xy, replications number B, X regularization
fork=1,...,B do

Draw a bootstrap sample: X(k’)’ y(k)
~L (K
Compute the Lasso for this sample: HAaSSO( )
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B
Compute: S := ﬂ Sk
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Bolasso Bach (2008)

Algorithm: Bootstrap Lasso

Input : Xy, replications number B, X regularization
fork=1,...,B do

Draw a bootstrap sample: X (), y(¥)

L k
Compute the Lasso for this sample: 0/\“50( )

L k
Compute the associated support: S = supp (0)\6\550( ))

B
Compute: S := ﬂ S},

~ Bolasso

1
Compute: 6, € argmin —|y — X0
gerr 2

supp(6)=S
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Bolasso Bach (2008)

Algorithm: Bootstrap Lasso

Input : Xy, replications number B, X regularization
fork=1,...,B do

Draw a bootstrap sample: x (k) y( )
L k
Compute the Lasso for this sample: 0/\“50( )

L k
Compute the associated support: S = supp (0/\6\550( ))

B
Compute: S := ﬂ Sk

~ Bolasso

1
Compute: 6, € argmin [y — X6|3
gerr 2

supp(6)=S
~ Bolasso

Output : support S, and a vector 6,

Exo: code the Bolasso in Python using sklearn
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Example

»~10000 | I+ ¢

150y
100y

50
0
=50

Current (nA m)

~10950 6100 200 300 400
Time (ms)

300, Gradiometers (202 channels)

data (fT/cm)

50 100 150
time (ms)
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Multi-task regression
One aims at jointly solving m linear regression: Y ~ X©

m

m p

—

O ||p

nilry X

2

with
» Y e R"™™: observation matrix
» X € R™™P: design matrix (known)
» © € RP*™: coefficient matrix (unknown)

Example : several observed signals through time (e.g.,several
captors for the same phenomenon)

Rem:cfMultiTaskLasso in sklearn for a solver
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Multi-task and regularization

In multi-task settings penalties can also be helpful:

N 1
©) = argmin ( |y - X0 + A(©) )
OeRpPxXm 2

data fitting regularization

where ) is a penalty / regularization

Rem: the Frobenius norm | - || is defined for any matrix

A e R™M*"2 by
niy n2
lAIE = 25 25 4

Jji=1j2=1
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Multi-tasks penalties

Vectorial penalties need to be adapted:

[ | = Sparse support:
] r. any

Penalty: Lasso

18] = ?:1 ZZL:l |@j,k|

Parameter © € RP*™
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Multi-tasks penalties

Vectorial penalties need to be adapted:

Parameter © € RP*™

Sparse support:
group

Penalty: Group-Lasso
[©]2,0 = 27— 1012

where ©;. the j-th line of ©
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Multi-tasks penalties

Vectorial penalties need to be adapted:

Sparse support:
group + sub-groups
Penalty: Sparse-Group-Lasso

: S ol + (1 —a)|®
mea

I

Parameter © € RP*™

2,1
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