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Limits of linear models
True signal: fpxiq for i “ 1, . . . , n
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Limits of linear models
Noisy observations: yi “ fpxiq ` εi for i “ 1, . . . , n
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Limits of linear models
Linear model: not well suited here
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Limits of linear models
Polynomial model: better suited here
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Polynomial modeling

Let D denote the degree of the polynomial:

yi “ θ0 `
D
ÿ

d“1
θdx

d
i

X “

¨

˚

˚

˚

˚

˚

˝

1 x1 x2
1 . . . xD1

1 x2 x2
2 . . . xD2

1 x3 x2
3 . . . xD3

...
...

...
...

1 xn x2
n . . . xDn

˛

‹

‹

‹

‹

‹

‚

Equivalently Xi,j “ xj´1
i and θ “ pθ0, . . . , θDq

J P RD`1 and
y « Xθ
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Choosing the degree
As often, one can use Cross-Validation (CV) to choose the degree
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Pros/cons of polynomial regression

Pros
§ Flexibility for low degree
§ Useful for non-parametric estimation (cf.SD205, Fan and
Gijbels (1996), Green and Silverman (1994))

Cons
§ Polynomials are not local
§ Size of the expanded data can be huge
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Beyond one feature : p “ 2 and D “ 2

Let us consider a case where xi P R2

Hence xi “ rai, bis. The polynomial expansion of order 2 reads:

r1, ai, bi, a2
i , aibi, b

2
i s

The terms aibi represent interactions between feature 1 and 2

It can be modeled in a compact manner:

yi “θ0 ` θ
Jxi `

1
2x
J
i Θxi ` εi

“θ0 `
p
ÿ

j“1
θjxi,p `

1
2

ÿ

1ďjďkďp
Θj,kxi,jxi,k ` εi

where Θ is a pˆ p (symmetric) matrix
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Beyond one feature : p “ 2 and D “ 3

Let us consider a case where xi P R2

Hence xi “ rai, bis. The polynomial expansion of order 3 reads:

r1, ai, bi, a2
i , aibi, b

2
i , a

3
i , a

2
i bi, aib

2
i , b

3
i s

The terms aibici represent interactions between feature 1, 2 and 3

It can be modeled in a compact manner:

yi “θ0 `
p
ÿ

j“1
θjxi,p `

1
2

ÿ

1ďjďkďp
Θj,k ¨ xi,jxi,k

`
1
6

ÿ

1ďjďkď`ďp
Θj,k,` ¨ xi,jxi,kxi,` ` εi

where Θ is a pˆ p matrix, Θ is a pˆ pˆ p tensor (symmetric)
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Tensor representation 1D

Vector case
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Tensor representation 2D

Matrix case
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Tensor representation 3D

General case
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Splines ( : cerces)

Definition: Splines
A spline f is piecewise-polynomial function on an interval
ra, bs, f : ra, bs Ñ R, composed of n subintervals rxi´1, xis with
a “ x0 ă x1 ă ¨ ¨ ¨ ă xn´1 ă xn “ b. The restriction of f to an
interval rxi´1, xis is a polynomial Pi : rxi´1, xis Ñ R, so that

fpxq “P1pxq, x0 ď t ă x1

fpxq “P2pxq, x1 ď t ă x2
...

fpxq “Pipxq, xn´1 ď t ď xn.

The highest order of the polynomials Pi is the order of the spline
f , and the xi’s are called the knots

Rem:cubic most popular (i.e.,third degree) splines
Rem:generally smooth splines targeted (C0, C1, C2, etc.)
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Usage

§ statistics
§ computer science, cf.Bézier curves in Inkscape and other
vector graphics softwares

§ numerical analysis
§ etc.
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Algorithms

Standard spline fitting when observing points pxi, yiq, i “ 1, . . . , n
: look for the spline with least curvature, i.e.,solve

f̂
∆
“ SPλpyq P arg min

f is a spline

˜

n
ÿ

i“1
pfpxiq ´ yiq

2 ` λ

ż b

a
|f2ptq|2dt

¸

Fact: the solution is reached for a cubic spline, and can be
obtained by a regularized least square, with Ω P Rnˆn

arg min
g

}y´ g}2 ` λgJΩg

See details in Ch. 2, Green and Silverman (1994)

Notes: with the regularization used the spline obtained has the xi
as knots
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Visual
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Choosing the smoothing parameter
One can use Cross-Validation to choose the smoothing parameter
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MSE Spline = 0.2498 vs. MSE Polynomials = 2.1899
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Additive Models for regression

With εi modeling noise, the model reads

yi “
p
ÿ

j“1
fjpxi,jq ` εi

or equivalently:

y “
p
ÿ

j“1
fjpxjq ` ε

Rem:possibly one of the fj encodes the intercept

Rem:GAM extend to general linear model, e.g.,logistic regression,
gpyiq “

řp
j“1 fjpxi,jq, with g a link function
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Back-fitting

Algorithm: Back-fitting Additive models
Input : X “ rx1, . . . ,xps P Rnˆp, y P Rn

Initialize: f1 ” 0, . . . , fp ” 0 and r “ y (residual)
while not converged do

for j “ 1, . . . , p do

r Ð r` fjpxjqq // Partial residual update

fj Ð SPλj
prq // update with spline (param. λj)

r Ð r´ fjpxjqq // Partial residual un-update

Output: f1, . . . , fp

Rem:Back-fitting is a kind of coordinate descent method where a
loop is run over each feature.
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GAM in action
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Pros and cons of GAM

Pros
§ automatically model non-linear effect
§ easy interpretation / visualization thanks to 1D functions

Cons
§ non-convex optimization / algorithm (local minima,
initialization, stopping criterion, etc.)

§ hard to tune : at least one parameter by feature
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More information

§ More details on GAMs: https://vimeo.com/125940125
§ play with the code (cf.course website)

§ Standard textbook: Hastie and Tibshirani (1990)
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Least-squares paternity

Adrien-Marie Legendre:
“Nouvelles méthodes pour la
détermination des orbites des comètes”,
1805

Carl Friedrich Gauss:
“Theoria Motus Corporum Coelestium
in sectionibus conicis solem
ambientium” 1809
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And before...

Definition
The Least Absolute Deviation (LAD) estimator:

pθ̂q P arg min
θPRp

n
ÿ

i“1
|yi ´ x

J
i θ|

where we write X “ rx1, . . . , xns
J (row description)

Rem: harder to optimize than least-squares, non-smooth
optimization (i.e.,non-differentiable function)

Rem: estimator less sensitive to outliers (than OLS/Ridge/Lasso,
etc.), e.g.,observations where εi is large
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Least absolute deviation paternity

Ruđer Josip Bošković:“???”,
1757

Pierre-Simon de Laplace
“Traité de mécanique céleste”,
1799
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LAD in action
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