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Bootstrap : general principle

Purpose
To measure the accuracy of a statistic 0
Algorithm
Real world Bootstrap world
(X1,...X,) ~ P (unknown) (XF,...X*) ~ P (known)
L !
0 0*

The estimator 0 is obtained from the data under P. The bootstrap
estimator 8* comes from data under PP which estimates P

Basic idea

0* (known) mimics the behavior of # (unknown)

/59



Bootstrap algorithm

» X1,..., X, are i.i.d. observations

» 0 =0(X1,...,X,) a statistic of interest
Examples : empirical mean X,, and median
Med,, (X1, ..., Xn)

Algorithme : Bootstrap

Input : X,...

, X, number of bootstrap iterations B

Output : Bootstrap estimators (éi", . .,ég)
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Bootstrap algorithm

» X1,..., X, are i.i.d. observations

» 0 =0(X1,...,X,) a statistic of interest
Examples : empirical mean X,, and median
Med,, (X1, ..., Xn)

Algorithme : Bootstrap

Input : X,...,X,, number of bootstrap iterations B

Output : Bootstrap estimators (é’l", . .,ég)
pour b =1,..., B faire
Draw (uniformly) with replacement among X;,..., X, and

provide the new random sample :
Bootstrap sample : X7, ..., X*

n

Apply the estimation over the bootstrap sample :

A

0F = 0(X5,..., X%
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The original bootstrap for the mean
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The original bootstrap for the mean
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Bootstrap (of the pairs) in regression

Let X € R"*P and y € R™
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Bootstrap (of the pairs) in regression

Let X € R"*P and y € R™
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Some basic bootstrap estimates

Let Oy be the parameter of interest (unknown)

the true (unknown)

the bootstrap

bias

variance
mean-square error
quantiles

density

E[0] — 6o

E[(6 — E[3))?]
E[(0 - 60)?]

B Y)Y 0F—4
B S (0F - BUEL, 0)°
By (0 —0)?

The statistics 9’{, e ,GAE are bootstrap*“versions” of the statistic 0

How to use them?

Exo: For the sample mean, compute each quantity of the table (for
the right-hand side column, replace sums by true expectations)
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Origin Efron et Tibshirani (1993)

The term “bootstrap" comes from the sentence :

“to pull oneself up by one’s own bootstrap” (réussir par
soi-méme)

taken from “The Surprising Adventures of Baron Munchausen” by
R. E. Raspe (18th century).

|dea Efron (1979)

Based on the observed data, estimate the sampling distribution
of some statistics, e.g.,mean, standard error, correlation, etc.

No asymptotic theory !
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This course includes :
» Resampling schemes for independent data

» Large class of estimators : Delta-methods, parametric
bootstrap, regression

» Studentized-Bootstrap and choice of B

» Emphasis on confidence intervals
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Definition

A statistical root R is a measurable function of (X1,...
such that R converges in distribution to G i.e., R~ G

Roots

» Xn)

Examples
Let X4,.

.., X, be iid. with distribution ¢[0, 1]

> the mean, n'/2(n~1 37 | X; —1/2)
> the cdf, n'2(n 1 30 | 1ix, <y — @)

> the minimum, n(mini<;<, X;)

Regular case (our context)

n2(6 — 0y) ~ N(0,02)
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Bootstrapping roots

The root R is usually given by the problem of interest

Aim of the bootstrap
To reproduce the “behavior” of a given root J
Main steps

» (definition step)* Find a bootstrap root R* that mimics the

A

root of interest R

> (approximation step)** For some B, compute ]%’1", .. .,]%E
and approximate the law of R

*the definition step is often conducted with the help of asymptotic theory
**the approximation step follows from Monte Carlo simulation
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Definition step in examples

Example 1 : The mean
Suppose that

n

Z X; o? = J(a: — 09)%dP(x)

i=1

0o = fde(sc) 0= X, := %

From the central limit theorem, if E[X?] < +00, it holds that

(root property) R
R =n"?0 - 6y) ~ N(0,0?)

The bootstrap version of R is B
R* = n'2(6* - 0), 6" = X*

Exo: (Asymptotic validation of the bootstrap)
Show that R* ~» N (0,0?)
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Definition step in examples

Example 2 : The variance

Let
1 & . B _
E; 6% =n 1Z(X¢—Xn)2
if E[X{] < +oo we have that
R =n'?(6% = 0?) ~ N(0,v), v = var((X — E[X])?)

The bootstrap of this root is given by
. 1 —
R*: 1/2 A>l<2_/\2 A*2:_ X*_X* 2
n2(5%2 — 5, 6% = = 3 )
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Bootstrap vs asymptotics

Target

The unknown true distribution of

nl/Q(é - 90)

Two choices

The (estimated) asymptotic The bootstrap distribution,
distribution, i.e., i.e.,the distribution of
N(0,62) n'/2(6* — 0)
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Bootstrap vs asymptotics

Important difference 1

Whereas the validation of the bootstrap is asymptotic (in exercise),
the construction of the confidence intervals does not rely on any
central limit theorem but just on the bootstrap principle that says
that

A

nY2(6* — §) mimics n/2(0 — 6y).

Important difference 2

Simulation based method : Need to compute
n'2(6F —0), b=1,...B

to approximate the root's law
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Bootstrap vs asymptotic

0.6 0.8 1.0

FIGURE — Plot of the density of the beta(.1,1) distribution

20 /59



Bootstrap vs asymptotic
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FIGURE — Plot of the true, the bootstrap and the asymptotic distribution

of the root in the case of the mean with beta(.1, 1) observations
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Bootstrap vs asymptotic

import numpy as np

from scipy.stats import gaussian_kde
from scipy.stats import norm

import matplotlib.pyplot as plt

# Generation of the data
np.random.seed (1)

n =20

a=.1

b=1

X = np.random.beta(a, b, n)




Bootstrap vs asymptotic

# Asymptotic

sigma = np.std(X)

x = .56

print (norm.pdf (x, loc=0, scale=sigma))

# Bootstrap
B = 50
Xstarbarme = np.zeros([1, B])

for i in range(B):
Xstar = X[np.random.randint(n, size=n)]
Xstarbarme[:, i] = np.mean(Xstar)

Xstarbarme = np.sqrt(n) * (Xstarbarme - np.mean(X))

density_boot = gaussian_kde (Xstarbarme)
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Quantiles of root

Let &, denote the a-quantile of n'/2(6 — 6))

Quantiles are useful in ...
... building confidence intervals, i.e.,

P (90 € [é - 51—01/2/”1/27 é - fa/2/n1/2]> =1-oa

...testing, i.e.,under Hy: 6y =1
P (n2(8—1) < €upporn'(6-1) > & _op) = a

Exo: Derive the previous equalities
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Confidence intervals :

Asymptotic :

NG N
where @(loo) is the a-quantile of

the standard normal distribu-
tion and 62 =n~' " (X, —
X,)?

Bootstrap vs asymptotic
Bootstrap :

A 1 . N 1 -
[9n - %53,1—%,% - \/ﬁfB,‘;]

where éB,a is a bootstrap es-
timator of the a-quantile of
n*2(@ — 0y) based on B-
bootstrap samples

Exo: Propose an algorithm to compute éB,a
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First conclusions
» The bootstrap is sample-based (no asymptotics)

» Easy to use :

(i) no (mathematically involved) asymptotic theory
(i) embarrassingly parallel (but might need data copy)
(iii) no need to estimate o

Other examples
» Covariance
» Correlation coefficient
» Regression coefficient
» Testing the rank of a matrix

> etc.

Teaser
» Bootstrap is more accurate than asymptotics
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The jackknife (the ancestor)

Origins : Quenouille (1949), Tukey (1958), Review : Miller (1974)

A leave-one-out procedure

1. Drop-off the i-th observation from the sample,
X*i = (Xl, (R 7X’£717X’i+17 v aXn)

Compute : é_i = é(X_l) = é—i(Xla ‘e 7Xi—17Xi+17 ce ,Xn)

2. The Jackknife estimate of the bias is

18 . R
S0
i=1

The Jackknife estimate of the variance is

n R 18 2
U jack = <e—z - E 2 9—2)
=1

Biasjack =

29 /59



Exercise
1. Give the Jackknife estimates of the bias and the variance in
the case of the mean.

2. Suppose that E(§) = 6y + by % + ..., Show that the

Jackknife improves the bias up to the order n=2.

Other facts
1. Sometimes expressed in terms of the pseudo-values
nd —(n—1)0_;
2. The Jackknife is an approximation of the original bootstrap
Beran (1984)
3. It works well for smooth transformations of the distribution

4. It fails for non-smooth transforms such as quantiles
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Theorem (the Jackknife failure for the median)

Let (X1,...,X,,) be i.id. random variables with law F' and

positive density f. Then
—~ Y2
2. -
R (/2

where Y ~ exp(1), whereas the asymptotic variance of
”1/2(@1/2 - Q1/2) is
1

Af(F1(1/2))?

Hint for the proof when n = 2m :

() 0%jack = T2 (Xnn) = Xy,
(ii) use uniform variables and invariance Pyke (1965).
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Delete d Jackknife

Notation : for s < [1,n], X_s contains only the coordinates not in
s. For a singleton s = {i}, we recover the previous notation.

Algorithm [SW89]

1. Drop-off d observations from the sample : compute the statistic
0_s = 0(X_s). Do this for all the possible d-uplet,
n

d

2. The Jackknife estimate of the variance is

iej=1,...,
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Generalizing Efron’s resampling scheme

Important remark (exercise)

Let (X§,..., X)) bea boots;clrap samgle. Then
— 1
Xp=-— Zl XF= Zl Wi Xi

where (w1 p, ..., Wy,n) is a random vector with multinomial
distribution with parameter 1/n

Natural question
Still working with other weights?
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The independent bootstrap

Consistency

Let (w},...,w}) be iid. random variables with mean 1 and
variance equal to 1. If 02 = var(X;) < +00, then

! (im — (X = X) ~ N(0,02>>

i=1

Hint : (1) replace X,, by EX (2) Apply Lindeberg’s clt

Be careful !

The natural bootstrap estimator

n_1/2 <i wZXZ — Xn>

i=1

is not consistent
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The Bayesian bootstrap

Consistency [Rub81]

Let &1,...,&, be iid. random variables with exponential
distribution and mean 1. Let &, = n~! PIRRS and define
X;Z = Wpi X, Wns = fz/é

then

n'2(X* — X)) ~ N(0,0?)

v

Hint : (1) The previous equals ™ (O (&G — 1D)(X: — Xn)) (2) Apply

Wn

the previous result with the Delta-method
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The exchangeably weighted bootstrap

Exchangeability

A random vector (wq,...,w,) is exchangeable when for any
permutation o : [1,n] — [1,n], (w1,...,wy,) and

(We(1), - - - » We(n)) have the same distribution.

Bootstrap consistency when [MN92] and [PW93]
1. for every n > 1, (win, - - ., Wny) is exchangeable
2. wp; =0,i=1,...,n,and >}/, wiy, = n, for every n > 1

3. as n — +00,

max n_lwfn — 0
I<isn

n
n! Z(wm —1)2 -1
=1

in probability
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Parametric bootstrap

Be careful

Works only when the distribution of X; belongs to the model
{Py : €O}, eg. Py =N(0,1)

Algorithm
Estimate 6,,. Fix B the number of bootstrap iterations and
initialize b = 1.

1. Draw independently X7, ..., X;; from P,

2. Apply the same transformation

A

G = 0(X7,.... X])

3. Stop if b = B else iterate.

Then

A

n2(6* — §) mimics n'/2(0 — )
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Bootstrap of classical estimators
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Delta-method

Most of the estimators are not empirical means over the observed
values (X71,...,X,,) but transformations of empirical means, e.g.,
the covariance, the correlation, the estimated regression vector in
linear regression. For the covariance :

Ty -7y =97y, 7,5),  g(a,b,c) =a—bc

Informal statement

Whenever we are able to bootstrap the empirical mean, we
shall also be able to bootstrap “smooth” transformations
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Delta-method

If g is differentiable at o = E[X;] and ¥ = Var(X;) < +o0
' (9(Xn) = 9(no)) ~ N (0, V)

with V' = Vg(u0)" 2 Vg(po)

Delta-method (bootstrap version)

If g is differentiable at z9 and n' _(X_ X)~ N (0,%)
w2 (9(X7) = g(Xn)) ~ N (0,V)

with X* =n= 13" wy X,
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M-estimators

Another interesting class of estimators is when 0 is defined by*
n

A 1
0 € argmin — » m(X;,0)
gerd T Z;
Often** we have n'/2(§ — 6y) ~» N'(0,v) for some 6
M -estimation bootstrap

A 18
If 0* € argmin — Z wpim(X;, 0)
geRd T i=1

then**  n'/2(0* — §) ~ N (0,V)

*e.g. med-LS, OLS, WLS, MLE
** technical conditions in [WZ96]
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Computational cost

A statistic is pivotal when the limiting distribution does not depend

Definition
on P J

Examples
> the mean, n'/2 (X_(}EX) with 62 = n=1 37 (X; — X)?

F(z)—F(x i
> the cdf, n!/2 (p(x)1/(2()1—ﬁ((a3))1/2) with

F(z) = n~t Z?:l 1{Xi<x} )
Requirement
To obtain a pivotal root, one needs an estimate of the variance J
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The t-bootstrap

ldea
Basic bootstrap : n'/2(6* — ) mimics n'/2(8* — 6,)

t-bootstrap* :  nl!/2 (‘92—;9> mimics n'/2 (@)

Approximation**
When n1/2(§ — 6g) ~ N(0, o) with cdf ®
» Asymptotic : [B(y) — P(n'/2(0 — 6y) < y)| ~ <

» Basic bootstrap :
[P (n'2(0% —0) < y) —P(n'/?(6 — 6o) < y)|

10

» t-bootstrap :
Pu(n'? (572) < y) - P2 () < )| >

*t is for studentization
**Based on Edgeworth expansion [Hal92]
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Confidence interval

() a-quantile of N(0,1) §(bb) a-quantile of \/n(0* —0)
f(tb) . a-quantile of v/n (éj;é> Ga : a-quantile of 6%
formulas accuracy
asymp. 5 _
- ﬁéof()x/w - ga/2 | 12
basic boot. 1
asic boo 9 B 751%()){/27 o — 7§ib/b2 n—1/2
t-boot. [ 5 & 2(th) §_ 0§ ] -1
- jﬁflfa/Z’ fga/Z n
percentile R . —-1/2
boot. [%/27 Q1—a/2] n=Y
Remarks

> no variance estimation for the basic and the percentile
> The more accurate is the t-bootstrap

> the percentile is simple (invariance) and gives intervals in the range of 6
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Computational cost

Bootstrap is computationally intensive :

» (approximation step) For some B, compute R’l“, ce R*B and
approximate the law of R

Choice of B
» For procedures with accuracy 1/4/n, B should be at least
equal to n
» For procedures with accuracy 1/n, B should be at least equal

to n2
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Regression model

Y =g(X)+o(X)e

» X is random, i.e.,random design (e and X independent)

» X is non-random, i.e.,deterministic design

goal : To estimate g

particular semiparametric problem = particular bootstrap

2 bootstrap strategies

» Classical bootstrap : bootstrap of the pairs or M-estimation
bootstrap
= OK for random design

» Bootstrap of the residuals
= OK for random and deterministic design
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Bootstrap of the residuals

Algorithm

From the sample (Y1, X1,...,Y,, X,,) compute § and the
estimated residuals é; = Y; — §(X;). Initialize b = 1

1. Draw uniformly with replacement among €1, ..., €,. It gives
A Ak
(Ela R en)

2. Fori=1,...,n, compute the bootstrap response

Y= 9(Xi) + (6] — &)

3. From the sample (Y7*, X1,...,Y", X,,) compute §;
4. Stop if b = B else iterate
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Bootstrap of the residuals

Observation and bo

otstrapped response versus X 3
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Bootstrap of the residuals
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