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Motivation

Mixed models can be used in practice to deal with disordered data
and allow us to use all of our data. Indeed, we can have different
grouping factors but also small sample sizes. So, mixed models can
process the data even when we have small sample sizes, structured
data, and many covariates to fit.
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Statistical model

‘ Model equation ‘

yij = W+ Ayt ey

vV VY VYV

uw* € R, fixed effect,

A; M N(0,0%), 0% >0, Vj € [1,J], random effect,

ei; " N(0,02) 02> 0, Vi € [1,I] Vj € [1,.J] the noise,
Aj Al g5 Vi, g,

n = Z}]:l n; and n; the number of observations of the
modality J.
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Esperance and covariance

> Elyi;] = p*,
> V(yij) = 0% + 02,

_ 2 2
> cov(yl-j,yi/j/) = O’A5jj/ + 020 i
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Matrix Model

‘ Model equation ‘

y=pl,+ZA+¢

vV vV VY

vV Vv

u* € R, fixed effect

7 = []101, .. ,ILCJ} € R™/ design matrix,

ChU ... UCy=][1,n], classes / modalities,

A= (A1 AJ)T ER/, A~ N(0,0% Iy,), 0% >0,
random matrix,

e ~N(0,02) , 02 > 0, the noise,

J
ZA =Y Ajlg €R™
Jj=1
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Variance calculate

> We have that, V(ZA) = Z V(A) Z" =0322"7 € R™™,

Z
- <~

{

» Where,

22" =l ... de,| | | =X 114,

> Then, V(y) = 03227 +02l,,.
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Reminder for the statistical model

» The model : y;; = p* + Aj + €ij,

> We have that 1

Y= o Z Yijs
J ’iECj

» So, V(7;) =04 + 2= :=717 and E(y;) = p* without bias.
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1*-estimator

Formula

J
1
b= ij%, with w; o< ———the weighting.
j=1 V(y])

Remark :
In balance case, we have :

» n; = I, as we already know that n = I.J,

» So we obtain,

I
=g LT
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Let X1,...,X, independent random variables. We suppose that
E(X;) =---=E(X,) = p¢*. Among the unbiased linear
estimators of 1*, the minimal variance one is given by:
- X /V i)
Z -1 1/V(X3)

» Proof: We have

min (z 0iX )

(al I ,an ERn

u.c:Zozi:l
Zaz z =

n

V(Z X)) =Y a?V(X;)
=1

=1
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Minimize the last expression amounts to minimize this expression:
n
Za2V Uu.c Zozi =1
i=1

(al ’ 7an

» Lagrangian :

\) = En: 2V(X;) + A(f: ;i —1)
i=1 i=1

Resolution of the optimization system:

VL(G,\) =0
oL
=0 ;=1
da — i=1 g
< ~ 1
{ das =0 Vio { 24;,V(zi, + A) = 0, Vig 0

A -
Oy =
{ 20 2V($10 N
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Finally,

J
= 0= ol

12/19



Variance Estimator

o2
n Ny
_ 2
B R
j=1li=1
a possible estimator unbiased for o2 is:
J nj
ﬁ > (i -
j=1l1=1
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> UE‘:
We have:

Jj=1li=1

J nj
LS| < etgt [ S]

Therefore,

fhi=
n? — ZJJ:1 n?

with §% = A0 57 ni(7,; — 7,)°
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Remarks :

> n? > Z}-le n;,

> Nothing guarantees that 6% > 0 and otherwise the model is
unsuitable for data ( where 0% ~ 0 ) . In general, it is
replaced by 0 in this case.
So 6% = max(0,6%)

> = Z —1 W;¥j is not an estimator because |t is not a
functlon of the data, it depends on O'A and a . We define fi
as:

= with 0, 52 + —=
Z:: ] <0A+ TL>
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Another approach: Maximum Likelihood

Reminder of model :

| 4
>

>

Equation: y = p*l, + ZA+¢
7 = []101,...,10J} e R

g
A= [Al,...,AJ] ER/, A~ N(0,0% Iy,), 0 >0,

random matrix,
e ~N(0,02) , 02 > 0, the noise.

And

y~N (,u*]ln ,UIZLXZZT + agIdn)
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» Likelihood :

"9 A _ 1 _
L(y, p,6%,62%) o |V|71/2 el‘p(—g[y—ulln]T Vly — ply))

1 _ 1 n
—log(£L) = S (y—pln) "V (y— i) + 5 log|V|+ T log(2m)
We want to minimize — log(L)

o1 _ 1
=  min —(y—pl,) V iy —pul,) + 5 log|V/|

2
,LL,O'A,O'g 2
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first condition order on [ :

0log(L)

=0
o

]IIV_ly

= =l
F=1Tv-11,

This is the estimator /i that we proposed before.

Remark:

Optimization in 0 and o2 doesn’t admit an explicit function.
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Alternate algorithm

Beware: V is unknown V = 021, + 04227
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