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Introduction

We discussed in the previous paragraph the one-way ANOVA and
its uses.
In this paragraph, we will be looking at two-way ANOVA, an
extension of the one-way ANOVA that examines the influence of
two different categorical independent variables on one continuous
dependent variable.
The two-way ANOVA not only aims at assessing the main effect of
each independent variable but also if there is any interaction
between them.
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introductory example:

Suppose we have two judges who do a tasting of 2 different wines,
called Wine 1 and Wine 2 such as:
- Judge 1 does 7 tastings: 3 for Wine 1 and 4 for Wine 2.
- The judge 2 does 4 tastings: 3 for Wine 1 and 1 for Wine 2.
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introductory example:

We summarize the example in the form of the following table:
If factor 1 is Judge 2 and factor 2 is Vin 1, we have :

y211 = 3, y212 = 8, y213 = 4

Here, we have:

n = n11 + n12 + n21 + n22 = 3 + 4 + 3 + 1 = 11

we must adapt the table so as to have nij = constant fixed
∀i, j ∈ [[1, 2]]. This is done either by eliminating or adding
elements.
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Two factors :
• Factor 1 : I levels / I classes.
• Factor 2 : J levels / I classes.
nij : nombre of repetitions / observations of factor 1 in the i
classe and to factor 2 in j class.
We obtain the following constraints :

n =
I∑
i=1

J∑
j=1

nij
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Model equation

Model:

yi,j,k
iid∼ N

(
µij , σ

2
)
, ∀i ∈ [[1, I]],∀j ∈ [[1, J ]], ∀k ∈ [[1, nij ]]

yi,j,k = µ+ αi + βj + εi,j,k

I Cov
(
εi,j,k, εi′ ,j′ ,k′

)
= σ2δi,i′ δj,j′ δk,k′

I µ ∈ R: the average effect.
I αi: the specific effect of level i for the first factor.
I βj :the specific effect of level j for the second factor.
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Note:

If the design of the experiment is not balanced (i.e., the nij are
different), the mathematical analysis is difficult.

We will therefore assume in order to facilitate the analysis:
∀i ∈ [[1, I]], ∀j ∈ [[1, J ]], nij = K

Finaly we get: n = IJK observations.
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We can write the model in matrix form just by following a usual
approach that is least squares:

X =
[
1n 1C1 . . . 1CI 1D1 . . . 1DJ

]
∈ Rn×(1+I+J)

Where:
rang(X) = I + J + 1− 2 = I + J − 1 et 1n = (1, . . . , 1)>

8 / 12



Definition

arg min
(µ,α,β)∈R×RI×RJ

1
2

I∑
i=1

J∑
j=1

K∑
k=1

(yi,j,k − µ− αi − βj)2

s.c.
I∑
i=1

αi = 0

J∑
j=1

βj = 0
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For this problem we get the following Lagrangian:

L (µ, α, β, λα, λβ) =1
2

I∑
i=1

J∑
j=1

K∑
k=1

(yi,j,k − µ− αi − βj)2

+ λα

(
I∑
i=1

αi

)
+ λβ

 J∑
j=1

βj


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We should solve the following system:



∂L
∂µ = 0
∂L
∂α = 0
∂L
∂β = 0
∂L
∂λα

= 0
∂L
∂λβ

= 0
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We get as results:

∂L
∂µ

= 0 =⇒ nµ̂ =
I∑
i=1

J∑
j=1

K∑
k=1

yi,j,k =⇒ µ̂ = ȳn

∂L
∂α

= 0 =⇒ ∀i ∈ [1, I], α̂i = ȳi,:,︸︷︷︸
= 1
JK

∑N

j=1

∑K

k=1 yi,j,k

−µ̂

∂L
∂β

= 0 =⇒ ∀j ∈ [1, J ], β̂j = ȳ
:,j,
...︸︷︷︸

= 1
IK

I∑
i=1

K∑
k=1

yi,j,k − µ̂
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