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Statistical model for the ANOVA

ANOVA with the constraint > aj =0

I
ANOVA with the constraint > n;a; =0
i=1

Non parametric alternative: permutation test
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(a) Violin plot to compare the concentration of ozone (b) Mean of O3 by month for four cities.

between four cities in Occitanie.
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Statistical model

‘ Model equation ‘

Yij = H; + i

> Eij MR N(O,JQ) is the noise and COV(&Z‘j,Ei/]’/) = 0252'1"53']"

> y;; is the " measurement for that modality

» 4, is the average of y i.e,

1 I n;
Un = EZZ?JU;Z’E [, 1]

i=1j=1
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Results from ANOVA and normality
hypothesis

poll = ols(’valeur_originale ~ C(nom_com)’,data=df).fit()
sm.stats.anova_lm(poll, typ=2)
- ( , T) = sp.stats.probplot(poll.resid, fit=True)

pump— —_

Probability Plot

Table: Results from the ANOVA on the
O3 concentration by cities. -

Ordered Value:
|

sum_sq |df | PR(>F)
C(nom_com) | 16471.58 | 3 | 3.86¢7 08| -

Figure: Check residues
normality assumption
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global /specific effect

We sometimes write : uj = pu* + o to show the global mean
effect and the specific effect of each feature.

Rem: With estimators /i and &; for u* and o (for all i =1,...1):

i = o+
and

(fir,---,fu) € argmin ZZ% pi)®

(H1seepir) ERT 2 (2 1j=1
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global /specific effect

We sometimes write : uj = pu* + o to show the global mean
effect and the specific effect of each feature.

Rem: With estimators /i and &; for u* and o (for all i =1,...1):

Qi = i+ a;

and

(ﬂl?"'aﬂ[)e arg min ZZ Yij — Uz

(H1seepir) ERT 2 (2 1j=1

Thanks separability for f(x1,...,z7) = Zgi x;)
i
min  f(z1,...,27) < ming;(z;), i=1,...,1
(#150s1) T

leading to
1 &
- Yii = g.w
nZ JZI 1] (2
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ANOVA : case of a modeling with : > o =0

Notice that if we change p* — p* + 0 and o — af — ¢ then:

pi = (1" +0) + (af = 9)

I -1
» hypothesis: Y o =0ie,aj=—> o
i=1 i=1
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ANOVA : case of a modeling with : > o

=0

Notice that if we change p* — p* + 0 and o — af — ¢ then:

pi = (1" +0) + (af = 9)

I I-1
» hypothesis: Y o =0ie,aj=—> o
i=1 i=1

> associated estimator : ,
ni

arg min fZZyU w— 0412

(n, )ERXRI i=1j=1

» Lagrangian :

I
:UHO‘)\ ZZ Yij — _ai)2+)‘zai
=1

11]1
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Resolution of the optimization system

VL(fi,d,\) =0
1
S d;=0
i=1

I
ni+ 3 nid; —nyp =0
1=

1

Tjg + Njo Qg = n’iogio,: - >\7 VY’O
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Resolution of the optimization system

I A

We have : Y ni (@ + &g — Uip,:) + IN=0,s0 forig =1,---,1I,
io=1

so we get ’
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Resolution of the optimization system

I A
We have : Z nio(ﬂ—i—dio _gig,:)"‘l)\:(), so forig=1,---,1,

i0=1
so we get
I A
Z nio(ﬂ"—d’io _gio) +IA=0
io=1
1 I R
= ni+ Z Mg Qig — Z NioYig,: + 1A =0
io=1 io=1
I ~
<~ ni+ Z NigQig — NYn + IA =0
io=1
— IA=0s1=0
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Rem:

> £t E Zym—yn

i=1j=
» It might be different if there are 4,4’ such that: n; # n;
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The weighted sum of the individual effects is
zero

» hypothesis :
I
Z n;o; = 0
i=1

> associated estimator :

arg min fZZyU w— %2

(#Q)ERXRI i=1j=1

» Lagrangian :

I
H»O‘ )‘ ZZ Yij — *Oéi)2 +)\Zniai
i=1

7,1]1
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Resolution of the optimization system

I
Znidizo
8£_
on =0

L _ (e
3042'0 —OVlo

Tlﬂ + Z niQ; — nyn =0
i=1

ﬂ—i— @io — yim; =+ )\ = O,Vio

I
Z n;o; = 0
i=1
ﬂ = Un
ézio - gio,: - )\ - gn7Vi0
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» We multiply the third line of the equation by n;, then we add
them up for ig in 1 to I. We finally obtain A =0,

> 0= in
Meaning that:

Qg = yio,: — Yn-

Rem: The next case to study will be:
Qg = 0
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Permutation test: medical scenario

Protocol (Monte-Carlo):

» 2 groups: A the control
and B the test, we test the
effect of the treatment,

Histogram of the density for the statistic fig — fix

0,25 — reference value: is  iix
020

zo1s

: 010
0.05

a a

-2 [
Test values for each permutation

=3, pp = 7, we reject the equality.

Histogram of the density for the statistic fig — flx

—— reference value: jis —fix

-20 -15 -10 -05 00 05 10 15
Test values for each permutation

uh =2, p = 2.5, we don't reject the equality.
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Permutation test: medical scenario

Protocol (Monte-Carlo): g of h gy for the sty
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Permutation test:

Protocol (Monte-Carlo):

» 2 groups: A the control
and B the test, we test the
effect of the treatment,

> Hy: p’y > why (Test if the
treatment is better),

» Assign values for the effect
of the treatment,

» Get the reference statistic:
fiB — fia,

» shuffle the groups and
recalculate the test
statistic J times,

medical scenario

Histogram of the density for the statistic fig — fix

0.25 ] — reference value:jis — ix

s a

-2 [ 2
Test values for each permutation

=3, pp = 7, we reject the equality.

Histogram of the density for the statistic fig — flx
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“Test vaboes for aach permutation
% =2, p = 2.5, we don't reject the equality.
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Permutation test: medical scenario

Protocol (Monte-Carlo): g of h gy for the sty

—— reference value: jis —fix

» 2 groups: A the control
and B the test, we test the
effect of the treatment,
> Hy: p’y > why (Test if the
treatment is better),

s a

-2 [ 2
Test values for each permutation

» Assign values for the effect
of the treatment,

=3, pp = 7, we reject the equality.

» Get the reference statistic: s ot e oty o ot s
fp — s - poses——

» shuffle the groups and
recalculate the test
statistic J times,

» p-value is the number of .

-20 -15 -10 -05 00 05 10 15
Test values for each permutation

statistics over the reference
lelded by J % =2, p = 2.5, we don't reject the equality.
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Our 3 hypotheses:

Case: o;, =0
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Case: o;, =0

Our 3 hypotheses:

I
Z =
I

> > ;=0
=1

> (071 =0

Associated estimator:

min ZZ i = yig)’

I
(p,0) ERXR —1j=1

I n
Lo, \) =D % (e + i — 4ij)” + Aoy

i=1j=1
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n;
> i#ioigoﬁ.:zl[ﬂ-i-az yz,j]—o (*)
=
n; “
> i=idg: aifo = Z;[/“"O‘z Yigl £ A =10 (xx)
> = Yig — A
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Case: o;, =0

Mg Mg
Z(*) + (k) = Z Zﬂ+ Zﬂ+ Z A + njyQig — Z Zyu
iio it =1  j=1 it iZio j

L2
=D i (2)
j=1
=D DAY =D i+ A (3)
7 i 7 7 J

=0 *)
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Case: o;, =0

Zniﬂ+znidi*22yi,j=0

i#io iio i#io j
With the previous equation:

TLZ'O
Nigf + NigGtig — Zyi,j +A=0
j=1
N A
:>,u+a]z0—yi0+—
nio
— (1= 1: 5\
M= Yi, T,
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Case: o;, =0

~

_ A . _
ni(yio,: - 717) + n;Qy — Ny = 0
10

) -
= Q; = — — Yig,: T Yi,;:
10
We admit that \ = 0
&i = g’i,: - gio,:
Gi, =0
ﬂ = gio,:
8 _ .
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Variance estimator

2 1 L& 2
0" = P ZZ(@‘,:—Z‘,J‘)

i=1 j=i

» n — I: Correction so that E(52) = o2
> Yij =Kt
> Ejg ™~ N(O,O’Q)
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Variance estimator

Notice :
X =[lgy,...,1¢,] € R

n—rlg(X) Hy — XBLSH2 unbiased estimator of o2

I ~ ~
.Zl]lci =1,r9(X)=1,X=[1,,1¢c,,...,1¢,]
1=

where the C; are the indexes of observations of the it category
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Test: "are the effect all the same?"

The null hypothesis: Hy
Ho:opy=pg = =pg J
I
Z ._gn)Q

> Fops = + with: Fps ~ F

> We reject the test: Fyps > FI71(1 — @) (|f we want to test «)
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