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Statistical model for the ANOVA

ANOVA with the constraint
∑
α∗i = 0

ANOVA with the constraint
I∑
i=1

niαi = 0

Non parametric alternative: permutation test



Comparison of the pollution between four
cities
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(a) Violin plot to compare the concentration of ozone
between four cities in Occitanie.
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(b) Mean of O3 by month for four cities.
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Statistical model

Model equation

yij = µ∗i + εij

I εij
i.i.d.∼ N (0, σ2) is the noise and cov(εij , εi′j′) = σ2δii′δjj′

I yij is the jth measurement for that modality
I ȳn is the average of y i.e.,

ȳn = 1
n

I∑
i=1

ni∑
j=1

yij ; i ∈ J1, IK.
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Results from ANOVA and normality
hypothesis

poll = ols(’valeur_originale ~ C(nom_com)’,data=df).fit()
sm.stats.anova_lm(poll, typ=2)
_, (__, ___, r) = sp.stats.probplot(poll.resid, fit=True)

Table: Results from the ANOVA on the
O3 concentration by cities.

sum_sq df PR(>F)
C(nom_com) 16471.58 3 3.86e−08
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normality assumption
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global/specific effect
We sometimes write : µ∗i = µ∗ + α∗i to show the global mean
effect and the specific effect of each feature.

Rem: With estimators µ̂ and α̂i for µ∗ and α∗i (for all i = 1, . . . I):

µ̂i = µ̂+ α̂i

and

(µ̂1, . . . , µ̂I) ∈ arg min
(µ1,...,µI)∈RI

1
2

I∑
i=1

ni∑
j=1

(yij − µi)2

Thanks separability for f(x1, . . . , xI) =
∑
i

gi(xi)

min
(x1,...,xI)

f(x1, . . . , xI)⇐⇒ min
xi

gi(xi), i = 1, . . . , I

leading to

µ̂i = 1
ni

ni∑
j=1

yij = ȳi,:.
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4 / 21



ANOVA : case of a modeling with : ∑α∗i = 0
Notice that if we change µ∗ −→ µ∗ + δ and α∗i −→ α∗i − δ then:

µ∗i = (µ∗ + δ) + (α∗i − δ)

I hypothesis :
I∑
i=1

α∗i = 0 i.e., α∗I = −
I−1∑
i=1

α∗i

I associated estimator :

arg min
(µ,α)∈R×RI

1
2

I∑
i=1

n1∑
j=1

(yij − µ− αi)2

I Lagrangian :

L(µ, α, λ) = 1
2

I∑
i=1

ni∑
j=1

(yij − µ− αi)2 + λ
I∑
i=1

αi
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Resolution of the optimization system

∇L(µ̂, α̂, λ̂) = 0


I∑
i=1

α̂i = 0
∂L
∂µ̂ = 0
∂L
∂α̂i0

= 0, ∀i0

⇐⇒



I∑
i=1

α̂i = 0

nµ̂+
I∑
i=1

niα̂i − nȳn = 0

ni0 µ̂+ ni0α̂i0 = ni0 ȳi0,: − λ̂, ∀i0

⇐⇒



I∑
i=1

α̂i = 0

µ̂+ 1
n

I∑
i=1

niα̂i = ȳn

ni0(µ̂+ α̂i0 − ȳi0,:) + λ̂ = 0, ∀i0
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Resolution of the optimization system

We have :
I∑

i0=1
ni0(µ̂+ α̂i0 − ȳi0,:) + Iλ̂ = 0, so for i0 = 1, · · · , I,

so we get

I∑
i0=1

ni0(µ̂+ α̂i0 − ȳi0) + Iλ̂ = 0

⇐⇒ nµ̂+
I∑

i0=1
ni0α̂i0 −

I∑
i0=1

ni0 ȳi0,: + Iλ̂ = 0

⇐⇒ nµ̂+
I∑

i0=1
ni0α̂i0 − nȳn + Iλ̂ = 0

⇐⇒ Iλ̂ = 0⇔ λ̂ = 0
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Results

I α̂i0 + µ̂ = ȳi0,:

I µ̂ = 1
I

I∑
i0=1

ȳi0,:

Meaning that

α̂i0 = ȳi0,: −
1
I

I∑
i0=1

ȳi0,:.

Rem:

I µ̂ 6= 1
n

I∑
i=1

ni∑
j=1

yij = ȳn

I It might be different if there are i, i′ such that: ni 6= ni′
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The weighted sum of the individual effects is
zero

I hypothesis :
I∑
i=1

niαi = 0

I associated estimator :

arg min
(µ,α)∈R×RI

1
2

I∑
i=1

ni∑
j=1

(yij − µ− αi)2

I Lagrangian :

L(µ, α, λ) = 1
2

I∑
i=1

ni∑
j=1

(yij − µ− αi)2 + λ
I∑
i=1

niαi
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Resolution of the optimization system

∇L(µ̂, α̂, λ̂) = 0
I∑
i=1

niα̂i = 0
∂L
∂µ = 0
∂L
∂αi0

= 0 ∀i0

⇐⇒



I∑
i=1

niα̂i = 0

nµ̂+
I∑
i=1

niα̂i − nȳn = 0

µ̂+ α̂i0 − ȳi0,: + λ̂ = 0,∀i0

⇐⇒


I∑
i=1

niα̂i = 0

µ̂ = ȳn

α̂i0 = ȳi0,: − λ̂− ȳn, ∀i0
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Results

I We multiply the third line of the equation by ni0 then we add
them up for i0 in 1 to I. We finally obtain λ̂ = 0,

I µ̂ = ȳn

Meaning that:
α̂i0 = ȳi0,: − ȳn.

Rem: The next case to study will be:
αi0 = 0
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Permutation test: medical scenario
Protocol (Monte-Carlo):
I 2 groups: A the control

and B the test, we test the
effect of the treatment,

I H0: µ∗A ≥ µ∗B (Test if the
treatment is better),

I Assign values for the effect
of the treatment,

I Get the reference statistic:
µ̂B − µ̂A,

I shuffle the groups and
recalculate the test
statistic J times,

I p-value is the number of
statistics over the reference
divided by J .
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Test values for each permutation
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reference value : B A

µ∗
A = 3, µ∗

B = 7, we reject the equality.
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Histogram of the density for the statistic B A

reference value : B A

µ∗
A = 2, µ∗

B = 2.5, we don’t reject the equality.
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Case: αi0 = 0

Our 3 hypotheses:

I
I∑
i=1

αu = 0

I
I∑
i=1

αixi = 0

I αi0 = 0

Associated estimator:

min
(µ,α)∈R×RI

1
2

I∑
i=1

n∑
j=1

(µ+ αi − yi,j)2

L(µ, α, λ) =
I∑
i=1

n∑
j=1

(µ+ αi − yi,j)2 + λαi0
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Case: αi0 = 0

I i 6= i0 : ∂L
∂αi

=
ni∑
i=1

[µ̂+ α̂i − yi,j ] = 0 (∗)

I i = i0 : ∂L
∂αi0

=
ni∑
i=1

[µ̂+ α̂i − yi,j ] + λ̂ = 0 (∗∗)

I µ̂ = yi0,j − λ̂
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Case: αi0 = 0

∑
i 6=i0

(∗) + (∗∗) =
∑
i 6=i0

ni0∑
j=1

µ̂+
ni0∑
j=1

µ̂+
∑
i 6=i0

α̂i + ni0α̂i0 −
∑
i 6=i0

∑
j

yi,j

(1)

−
ni0∑
j=1

yi,j (2)

=
∑
i

∑
j

µ̂+
∑
i

niα̂i −
∑
i

∑
j

yi,j + λ̂ (3)

= 0 (4)
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Case: αi0 = 0

∑
i 6=i0

niµ̂+
∑
i 6=i0

niα̂i −
∑
i 6=i0

∑
j

yi,j = 0

With the previous equation:

ni0 µ̂+ ni0α̂i0 −
ni0∑
j=1

yi,j + λ̂ = 0

=⇒ µ̂+ α̂]i0 − ȳi0 + λ̂

ni0

=⇒ µ̂ = ȳi,: −
λ̂

ni0
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Case: αi0 = 0

ni(ȳi0,: −
λ̂

ni0
) + niα̂i − niȳi,: = 0

=⇒ α̂i = λ̂

ni0
− ¯yi0,: + ȳi,:

We admit that λ̂ = 0

=⇒


α̂i = ȳi,: − ȳi0,:
α̂i0 = 0
µ̂ = ȳi0,:
∂L
∂α̂i0

= 0 ∀i0
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Variance estimator

σ̂2 = 1
n− I

I∑
i=1

ni∑
j=i

(ȳi,:−i,j)2

I n− I: Correction so that E(σ̂2) = σ2

I yi,j = µ∗ + εi,j

I εi,j ∼ N (0, σ2)
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Variance estimator

Notice :
X = [1C1 , . . . ,1CI ] ∈ Rn×I :

1
n− rg(X)

∥∥∥y −Xβ̂LS∥∥∥2
unbiased estimator of σ2

I∑
i=1

1Ci = 1n rg(X̃) = I, X̃ = [1n,1C1 , . . . ,1CI ]

where the Ci are the indexes of observations of the ith category
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Test: "are the effect all the same?"

The null hypothesis: H0

H0 : µ∗1 = µ∗2 = · · · = µ∗I

I Fobs =
1
I−1

I∑
i=1

(ȳi,:−ȳn)2

σ̂2 with: Fobs ∼ F̃ I−1
n−I

I We reject the test: Fobs > F I−1
n−I (1− α) (if we want to test α)
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